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Abstract: This paper provides an effective method for evaluating the second moments such as variance and covariance
for the number of departures in two-node tandem queue with unreliable servers. The behavior of the system
is described by a level dependent quasi-birth-and-death process and the departure process is modeled by a
Markovian arrival process. Algorithms for the transient behavior, the variance and covariance structure for the
output process and the time to thih departure are developed. We show that the results can be applied to
derive approximate formulae for the due-date performance and the distribution of the number of outputs in a
time interval.

1 INTRODUCTION variance of the output for production systems, one
can refer to the papers (Tan,2000; Tan, 2013; Lager-
There is an extensive literature for the analysis of Shausena and Tan, 2015). For discrete material flow

manufacturing systems with finite buffers and unre- Production systems with finite buffers, Tan (1999,
liable servers. Most of the works related to the per- 2000) use a Markov reward model to calculate the

formance evaluation of manufacturing systems have variance of the number of parts produced in a given
been focused on analyzing the first order measurestime period in a two-station production line with finite

such as average production rates and average buffePUffer capacities and deterministic processing times
levels in steady-state e.g. see the monographs (Buzaf"”d geometrically distributed failure and repair times.

cott and Shanthikumar, 1993; Gershwin, 1994), the OUr approach to be developed in this paper is to model
survey papers (Dallery and Gershwin, 1992; Pa- the output process by a Markovian arrival process

padopoulos and Heavey, 1996; Li et al., 2009) and (MAP) and to use the clo_sed formulae fo_r the tran-
the references therein. The first order measures can b&'€nt behavior and the variance and covariance struc-
used to getinformation about the capabilities of a pro- tUre for the number of outputs during a perigd t]
duction system in the long run. However, there may and thenth departure time in the literature.
be tremendous variability from a time period to pe- This paper is aimed on providing an effective
riod (Gershwin, 1994, Section 3.2; Tan, 1999a). Thus method for evaluating the second moments of the
the second order measures such as the variance of theumber of outputs and inter-departure times and in-
number of parts produced in a given time period and vestigating the effects of the system parameters to the
the inter-departure times and covariance between con-second moments. The results can be applied to the
secutive inter-departure times are also very useful to practical problem such as due-time performance in
design and control production systems in a more ef- manufacturing system and are basis on analyzing the
fective way. The information about the time depen- |ong line. This paper concerns to the two-station sys-
dent second order measures can especially be usefulem with finite buffer capacities. A model of a two-
to respond short-term and long-term requirements in node system is simple, but it helps us to understand
an effective and timely way. the behavior of the system and gives some insights
Studies on variance of the output process in a se- of the more complicated system. The approach can
rial production line have been presented during the also be used as building block for analyzing the more
last decades, for a review of recent studies on the complex system with multiple nodes.
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Variance of Departure Process in Two-Node Tandem Queue with Unreliable Servers and Blocking

This paper is organized as follows. In Section 2, at timet denote the states dft) by
the model is described in detail. The moment formu-
lae for MAP are reviewed and algorithms for the per-
formance measures are presented in Sections 3 and 4, Ji(t) =
respectively. In section 5, numerical results are pre-
sented. Concluding remarks are given in Section 6.

w, M; is working
s, M;is starved
b, M;is blocked
f, M;is failed.

The state space of the stochastic proc@ss=
{Z(t),t > 0} with Z(t) = (X(t), Ju(t), Ja(t)) is

2 MODEL S =Ur_o5n

where

We consider a tandem queueing network that consists 5 = {(0,w,s), (0, f,s)},

of two service station§; and S, and one buffer of A (ML) jnize wfl),1<n<K-1

finite sizeb between them. Each statid has an ' AT ’

unreliable serveM;, i = 1,2. Assume the following Sk = {(K.b,w), (Kb, )}

system characteristics. The stochastic procesd = {Z(t),t > 0} forms a
BAS blocking mechanisnBlocking after service ~ Markov chain with generator of the form

(BAS) rule is adopted, that is, if the buffer is full upon By Ao

a completion of service at the first station, the server C, B A

M; is blocked and the customer is held at the station

where it just completed its service until the stati®n Q= . . .

can accommodate it. Ck-1 Bk-1 Ax-1
Open and saturated systenin many manufac- Ck Bk

turing system, it has been assumed that the first sta-T,¢ matrice®,, A,, C, are as follows:

tion the first station is never starved and the last sta-

tion is never blocked. For potential applications of * V2 Vi 0
the method and results to developing approximation B, = N2 * 0 v ,1<n<K-1,
method of more complicated system, we assume that nm 0 *x v .
the serveMy in the first station is never starved and it 0 m n2 =
starts new service immediately after a service comple- x Vg 4 x Vg
tion unless the server is blocked and the seMgin o= ( N * ) P K ( N2 * ) ’
the second station is never blocked and the customer
. ) . pp 0 0 O
atMy leaves the system immediately after completing 0 0 0
its service. Ay = H 1<n<K-2
0O 0 0 0) ’
ODF rule: Each server is either up (operational) 0O 0 0 O
or under repair (broken-down) at any time. Operation
dependent failure (ODF) is assumed. That is, a server Ay = ( b 0 0 0 >
can fail only while the server is working and a server 0 00 0)
never fails while the server is blocked or starved. hp 0
Exponential distributions of service time, failure A _ 0 W
time and repair time We define the failure time by "X~ — 0 0 |°
the operation time in units between two successive 0O O
failures (from a repair to a failure). The failure time b 0 0 O
does not contain the time period while the server is 0 0 0 O
being blocked, starved or repaired. Service time, fail-  Cn = 0 0w 0| 2<n<K-1
ure time and repair time d¥l; are assumed to be of 0 0 0 O
exponential with rateg;, vi andn;, respectively.
Let X(t) be the number of customers in the buffer %2 g 00 0
and at statior, and the customer blocked at staton C; = 0 ,Ck = ( %2 0 0 O) ,
S;. The state space of(t) is {0,1,---,K}, where 0 Lg

K =b-+2. LetJ;(t) be service phase of the seridy
where the diagonal entries &, are determined by
Qe =0 ande is a column vector of appropriate size
whose elements are all 1.
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3 DEPARTURE PROCESS
LetT be the first time until a customer leaves the sys-
tem and

Fs(t)=P(Z(T)=2Z,T <t|Z(0)=2),zZ € S.

ThenT is the same as the absorbing time of a Markov
chain with rate matrix of the form

(Do Dy
where
Bo Ao
B: A
Do = . ;
Bk-1 Axk-1
Bk
Op
C O
D, — C O
Ck Ok

The matrixF (t) = (F,z(t)) is given by

F(t) :/Ot exp(Dou) duDy, t > 0

which is the inter arrival time of a Markovian arrival
process (MAP) with representatidAP(Dg, Do), see
Lucantoni et al. (1990).

Let N(t) be the number of customers that leave
the system during an intervdD, t] and P(n,t) =
(P,z(n,t)) be the square matrix of sizgS| whose
(z,Z)-component is

P2(nt) = P(N(t) = n,Z(t) = Z|2(0) = 2).
It follows from the Kolomogorov equations that

d
—P(n,t) =P(n,t)Do+P(n—1,t)D3,n>1,t >0

dt
1)
andP(0,0) = I the identity matrix. The matrix gener-
ating functionP*(w,t) = S _oW'P(n,t) is given by
P*(w,t) = exd(Do+wD1)t], w| <1,t>0.
For later use, define the following notation. lret
(1(x),x € S) be the stationary distribution 6J and

N=enm Y= (em—Q) ! A=mDse
c=mD¥, d=WDie

It can be easily seen that! =1, WYe = e andce=
A=md.

The following theorem can be found in (Neuts,
1989, Theorems 5.4.1 and 5.4.2; Artalejo et al, 2010).
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Theorem 3.1. In stationary state, that is7i(x) =
P(Z(0) = x), mean |{t) E[N(t)], variance
0?(t) = Var[N(t)] and the covariance&ow(t,u,v) =
CoVN(t),N(v) —N(u)] (0<t <u<v)are given as
follows:

H(t) = At,

o%(t) = 62(t) + 2c[exp(Qt) — Nid,

Cov(t,u,v) = D1 [| — exp(Qt)] expgQ(u—t)]

x [l —exp(Q(v—u))]Wd.

where
G2(t) =2(\2—cd) + (A — 2A2 4+ 2cDse)t.  (2)
Remark 11t is well known that ag — o«
exp(Qt) =N +0(tte™™), 3)

where—n is the real part ofi*, the non-zero eigen
value ofQ with maximum real part, andis the mul-
tiplicity of n*, see e.g. (Narayana and Neuts, 1992).
It can be easily seen from Theorem 3.1 484 that
Cov(t,u,v) —» 0 asu—t — .

Remark 2.1t can be seen from Theorem 3.1 that
the variance rate is given by the closed formula

Var[N(t)]

\Y lim
t—o t

= (A—2A°42cDse).

Tan (1999b) use numerical result of the asymptotic
variance rat&/ to determine the variana#(t) ~ V't
for larget. We can see that?(t) provides more ac-
curate approximation af?(t) than that ot and it is
easy to computg?(t).

Let &, n=0,1,2,--- be thenth transition time
of N with &g = 0 and seft, = &, —&,_1 and Z,
Z(&n+0), n=1,2,--- with Zg = Z(0). The tran-
sition probability matrix of{Z,,n = 0,1,2,---} is
P = (—Do)~!D; and the stationary distributiop of
P is given by

1
p = XT[D]_
The following theorem can be found in Artalejo et al.
(2010).

Theorem 3.2. Assume that @) has a distribution
a= (a(x),x € S) with a(x) = P(Z(0) = x). The mean,
variance and covariance af, are given as follows:

E[tn] = aP" 1do,

Var(t,] = 2aP"}(—Dg) %e— (aP”fldo)Z,

CoV(Tk, Tn) = aXkne— (E[]) (E[tn]), 1< k< n,
where

do = (—Do) e,

Xin = P 1(=Dg) " 1P"K(—Do)"tP, 1<k < n.
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Remark 3.Since lim, . P" = ep, it can be easily
seen that foreack=1,2,- -,

lim Cov(tk,Tn) = 0.
n—oo

Remark 4. The mean and variance &f, are as
follows

E[&n] = iiE[TiL

n

Var[gn] = iVar[Ti] + ZT]le Z 1COV(Ti,Tj).
1= i=1 j=1+

Remark 5. Assuminga = p, the mean, variance
and covariance of, are as follows:

1
E[Tn] - Xa
2 1
Var[Tn] == XT[dO— ﬁ,
1, 1
Cov(tk,Tn) = XT'P do— ﬁ,n: 12,-.-.

4 ALGORITHMS

It is necessary ta, ¥ = (em— Q)~! and exgQt) for
the variance, covariance of(t) andt,. In this sec-
tion, some algorithms for computirg W = (em—
Q) ! and exgQt) are presented.

1. Algorithm for stationary distributiont of Q.

Here, we present an algorithm for stationary distribu-

tion Tt of Q. Write Tt= (T, Ty, - - - , Tk ), WhereTg is

the vector of sizd;, 0<i < K. LetRy,---,Rk be the

matrices satisfies the following matrix equations
An_1+RBr+RiRy1Ch1=0,1<n<K -1,
Ac_1+RkBk =0.

The solutions of the equation are given as follows:

R = Ax_1(—Bk) %,

Ro=An_1[—(Bn+Rns1Cny)] Hn=K—1,--- |1

Then the stationary distributiamof Q is given as fol-
lows
T =ToR1-- Ry, n:]_’z’... K
with
TH[Bo + RiCy] =0
and normalizing condition

K
m<e+ z Rl---Rne> =1
n=1

Oncermis obtainedp = (py, P1,- -, Px) can be cal-
culated by

P, = %T[k+1Ck+1, kzoala"'aKfla
K710 k=K.

)

2. Algorithm for(—Dg) L. It can be seen from the
structure oDy that(—Dg)~? is of the form

X(0,0) X(0,1) --- X(0,K)

X(L,1) - X(1,K

(Do)t = o & . (5 :
X(K,K)

The block component(i, j), 0<i < j <K are cal-
culated following the algorithm in (Shin, 2009) as fol-
lows :

(1) Compute

Gn:An—l(—Bn)_17 n= KaK_]-?N_z?"' 71

andGp = (—Bp) L.

(2) ComputeX(n,k), 0<n<K,k=nn+1,---,K
as follows: Forn=0,1,---,K, setX(n,n) =
(—Bn)tand
X(n,k) =X(n,k—1)Gy, k=n+1n+2,--- K.

3. Algorithm for¥ = (em—Q)~%. Let E, =
(1,---,1)T (0 < n < K) be thely,-dimensional col-
umn vector whose components are all one Bjid=
(1,---,1)T be the(3 X, I})-dimensional column vec-
tor, wherel; is the number of elements . Let
T = (T, -+, Tk) andM|i, j| = Em;, 0<i, j <K. De-
note the(i, j) block matrix of a matrixA correspond-
ing to (i, j) block of Q by Ali, j], 0 < i, < K. Write
the matrixQ in the block form

_( Bo Qo A_ [ Ao Ao
Q_(Qlo Qll)’e" Q_(Alo All)’
where
Ago = EgTh — Bo,  Ag1 = EoTy — Qoz,

Ao=E{Tp—Q10, A11=ETM — Q1.
Then the block matrix form of¥ is given by (e.g.
(Horn and Johnson, 1985, page 18))

x—1 -1 x—1
Y= ( —AggAo1Ay; ) ’

0
x—1 -1 x—1
—Aqq A10A00 A1q
where

Ao = Aoo—AuiAi A,
o= A—AAy Ao
The matrixW is calculated by the following step:
(1) Calculatg(—Bg)~! using the ordinary algorithm.
(2) SinceQq is block tridiagonal matrix, one can use
the algorithm in (Shin, 2009) far—Qq1) 2.

(3) ForA;{ andAgg, one can use the following for-
mula (see Horn and Johnson(1985, page 19))

_ _ 1 _
A111: (_Qll) 1 leﬂq(—Qll) 17

whereqi1 = (—Q11)*1Ef. The inverse matrix
Agol is calculated by usual method.
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(4) CalculateAi;* by the formula,
11

ATt = (At Aol —Agd)Ao)
= AT +ATAAG!

whereAj, ! is calculated by usual method.
(5) The(i, j) blockW[i, j] of Wis

-1
1A117

Ayt i=0,j=0,
’ — (A3 A0)[i ]Aool, 1<i<K,j=0,
AL, 1<i,j<K.

4. Calculation ofexp(Qt) = zﬁ;o%Q“. We use
the uniformization technique. Let

q=max[-Qlz)
zes
ando =1+ %Q. Then

exp(Qt) = Qui(t) + EM (1),

where
Q (t) _ o e—qt (qt)nen
M - nZo nl )

e—qt (qt)n en.
n!

EM(t) = g

=M1

For givene > 0, letM(¢€) be the positive integer such
that

1- 3 e (" <e
nZO n!

For larget, the following addition formula is useful.
First, take an integamny such thaty = ﬂ—é is moderate

with £M)(t9)e < goe. Note that

No

expQ) = [expQu)]™ = [Quito) + £ (to)
= [Qu(to)]™+Z™(to,no),
where
(M) _ Mo No (M) no—k k.
E™M (to, no) kzl<k> [f (to)} [Qum (to)]

SinceQu (to)e < (1—gg)eandEM) (tg)e < goe, it can
be seen that
EM(to,np)e < (1— (1—go)™)e.

5. Calculation of Rn,t). Let@g = | + %Do. Ap-
plying the uniformization technique #®(n,t) and us-
ing the the Kolmogorov equatiofl), it can be seen
that

(Y n
P(k,t) = Z)eqt@Kﬁ”% k>1,
e n!
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Where{Kﬁn)} satisfies the followings: fdk=1,2,-- -,
1
KM = qKﬁ " D1+K" @, n=0,12-- (4)

with K% =0,k > 1 andK{” =1 and

KM =k{eg, n>0.

The recursive formuléd) is also given in (Lucantoni,
1991). Let

7" = zem
Note that

- e qa)" &

expQt) = § Pkt)=§ e T K.

kZO nZD n! kZO K

It can be seen from

K", k> 0.

o" = ZKlE”),nZO

thatk.”e < eand hence

£MEe < ge k> 0.

5 NUMERICAL RESULTS

We apply the algorithms in section 4 to the system
with two-node tandem queue with a finite buffer and
server breakdown. We consider the system with ser-
vice ratequ; = o = 1.0, failure ratev; = 0.1, v, =
0.04 and repair rateg; = 0.5,n2 = 0.2. The isolated
efficiency of each server is the sam =0.833.

In this section, we assume that the system is in sta-
tionary state.

1. Speed of convergence to stationary statée
investigate how fast the distribution of the process
Z converges to the stationary distribution It can
be seen from(3) that Ag(t) = log||exp(Qt) — M|
is almost linear for largé. We also have seen that
the speed of convergence of ¢Qt) decreases as
buffer size increases. For example, the tigtb) :=
min{t > 0 : Ag(t) < —5} arets(3) = 74,t5(5) = 99,
ts(7) = 134.

2. Variance of Nt). Figures 1 and 2 show vari-
anceo?(t) and the differencé.(t) = o?(t) — G2(t).
Figure 1 exhibits thao?(t) increases almost linearly
ast increases as expected in the formula in Theorem
3.1. It can be seen from fig. 2 th@f(t) can be used
instead ofa?(t) fort > ts. In fact, it follows from
Theorem 3.1 andB) that forts with Ag(ts) < 10g4€,

|Ag2(t)] < 2|cd]g, t > ts.
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a?(t)

S s

“b=3

0 20 40 60 80 100

t

Figure 1: The variance?(t).

Az ()

-4

40
t

Figure 2: Differenced(t) = o2(t) — &2(t).

0 20 60 80

Indeed, forb = 5, A,2(64) < 1073, Aj2(81) < 1074
andA,2(99) < 10°°.

3. Covariance of It). Figure 3 de-
picts the Colt] = Cov[N(t),N(2t) — N(t)] and
lim;_,e CoVit] = Tid — A2, Figure 3 shows that C@y
is positive forb = 3 and negative fob = 5.

04

02 Cov[eo]

Cov(t]

0.0

-0.2

—04

_06 Cov{w]

0 10 20 30 40 30 60 10

t

Figure 3: Covariance COM(t),N(2t) —N(t)] for b=3,5.

5. Distribution of Nt). The distribution ofN(t)
is depicted in figure 4 fot = 30,t =50, t = 70.
The figures show that the distribution bifft) visu-
ally resembles the normal distribution. The the pair
(skewness, kurtosiof N(t) are (—0.25990.5054),
(—0.23930.1739 and(—0.2141,0.1486) for t = 30,
t =50 and = 70, respectively. Here, we approximate
the distribution ofN(t) in stationary state with the
normal distributionN(p(t), o%(t)) with meanu(t) =
At and variance?(t) as Tan (1999b), that is,

)» (5)

n—05—At

PINt) >n)~1-® < =0

where®(x) = [ \/%Iexp(—yz/Z) dyis the distribu-
tion function of the standard normal distribution and
n— 0.5 is used for correction of the approximation
of discrete random variable using continuous distri-
bution andd?(t) can be used as an approximation of
o?(t) for larget.

plen)

0 10 20 30 30 60 70

n

Figure 4: Plot ofp(n,t) = P(N(t) = n)] for b=5.

40

The approximation errors Ay(t) between
P(N(t) > n) and normal approximation are depicted
in figure 5 fort = 30,t =50,t =70 andb =5. The
maximal error of approximation occurs at the mean
At for each case. Figure shows that the accuracy
increases alsincreases.

0.010

0.003

0.000

—0.003

Ay (n,t)

—0.010

—0.013

Figure 5: Error of normal approximation f&(N(t) > n).

6. Due time performanceThe due-time perfor-
mance of a production line can be measured by a
probability

p=P(N(t") =n%)
of meeting a customer’s ordef on timet*. Some
numerical results fot* for givenn* and p are listed
in Table 1.

Table 1: Due time*

p
nn 05 06 07 08 09 099
50 72 76 79 84 91 109
70 101 105 110 115 123 143
100 145 150 155 161 170 193
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6 CONCLUSIONS Gershwin, S. B. (1993). Variance of the output of a tandem
production system. IQueueing Networks with Finite

; ; ; _ Capacity Onvural, R. and Akyildiz, I. (eds), Elsevier
We have provided an algorithm for the transient be Science Publishers, Amsterdam, North-Holland, pp.

havior, the variance and covariance structure for the 291-304
output process and inter-departure time in two-node , ' . .
tandem queue. Some numerical results are presenteoGerShW'”lg,s' B. (1a9ﬁ)l\éan:1factu&|rg ;yStemS engineer-
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The algorithm is based on the Markovian arrival depart_ure and inter-sta_rt time distri_bution of closed

- . . queueing networks subject to blocking, IIE Transac-
process (MAP) which gives closed formula for vari- tions 47 673-692
ance and asymptotic variance. This is a different point '
from the other methods in the literature for variance . ; -

. . Throughput analysis of production systems: recent

_Of dep.arture process. The a_lgor'thm_ requ!res only the advances and future topics, International Journal of
inversions of the block matrices of size 4 in the com- Production Research 47(14), 3823-3851.

puting pr(_)cess. Thus the computational complexity of Lucantoni, D. M., Meier-Hellstern, K. S., Neuts, M. F. (1990
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Li, J., Blumenfeld, D. E., Huang, N., Alden, J. M. (2009).

size of the system. The approach using MAP can be class of non-renewal arrival processes, Advances in

easily applied to the system with more general ser- Applied Probability 22, 676-705.
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for throughput in a complicated system, for exam- European Journal of Operational Research 92, 1-27.
ple, decomposition method and aggregation method Shin, Y. W. (2009). Fundamental matrix of transition QBD
(Dallery and Gershwin, 1992; Li et al., 2009) that use generator with finite states and level dependent tran-
the the two-node system. The method of analyzing sitions, Asia-Pacific Journal of Operational Research
the two-node system can be used as a building block 26(5), 1-18.

of analyzing the more complex system. Tan, B. (1999a). Asymptotic variance rate of the output

of a transfer line with no buffer storage and cycle-
dependent failures, Mathematical and Computer Mod-
elling 29(7), 97-112.
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