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Abstract: A stability analysis is conducted on the proposed three-time scale singular perturbation control that is applied
to a Radio/Control helicopter on a platform to regulate its vertical position. The control law proposed allows
to achieve the desired altitude by either selecting a desired collective pitch angle or a desired angular velocity
of the blades.

1 INTRODUCTION Huang, 2001), feedback linearization along with
neural-networks as an alternative to gain scheduling

Control of rotatory wing aircrafts represents a very (Leiteretal., 1995; Calise etal., 1999), Neural Gener-
challenging task due to the nonlinearities and inherit alized Predictive Control (NGPC) algorithms capable
instabilities present in such systems. The versatility ©f real-time control law reconfiguration (Haley and
of rotorcrafts allows them to perform almost any task Soloway, 2001), or generic neural flight control and
that no conventional aircraft can do, but this ability autopilot systems (Bull et al., 2000) to name few.
is ultimately associated to the degree of stability and A basic problem in control design is the mathe-
control characteristics obtained via automatic control matical modelling complexity and precision required
design (Curtis, 2003). These stability and control for the control designs to have a good performance.
characteristics come at the expense of the complexThe modelling of many systems calls for high-order
control designs that are required to deal with these dynamic equations, which for the case of rotorcraft
highly nonlinear aerospace systems. The increasedsystems represents a unique challenge: in addition
performance requirements of a continuously growing to the modelling complexity of aerodynamic surfaces
aerospace industry has called for better control de-for a wide range of conditions, it is necessary to
signs that can deal with the more complex systems, take into account the added complexity of the rota-
making linear control techniques insufficient to cope tory machinery associated to the aerodynamic sur-
with the industry demands. faces. Generally, the presence of parasitic parame-
During the last decades, a wide range of different ters such as small time constants is often the source

nonlinear control techniques have been studied to dealof a increased order and stiffness of these systems
with the nonlinear dynamics of aerospace systems. (Naidu and Calise, 2001). The stiffness, attributed
Some of these techniques include singular perturba-to the simultaneous occurrence of slow and fast phe-
tion (Kokotovic et al., 1986), feedback linearization Nnomena, gives rise to time-scales, and the suppres-
(Meyer et al., 1984), dynamic inversion (Bugajski sion of the small parasitic variables results in dege-
et al., 1990; Reiner et al., 1995; Snell et al., 1992), nerated, reduced order systems, called singularly per-
sliding mode control(Sira-Ramirez et al., 1994), or turbed systems, that can be stabilized separately, and
backstepping control methods (Khalil, 1996; Lee thus simplifying the burden of control design of high-
and Kim, 2001) to name few. Neural Networks order systems. The literature gives a extended survey
(NN) are also included within the realm of non- Of the use of singular perturbed and time-scales con-
linear control techniques, and extensive work has trol methods in aerospace systems (Naidu and Calise,
also been conducted including Adaptive Critic Neural 2001; Naidu, 2002).

Network (ACNN) based controls (Balakrishnan and  The motivation to this article comes from the work
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of (Sira-Ramirez et al., 1994) that used a dynamical where the inputs to the system are the throtgl
multivariable discontinuous feedback control strategy and the input to the collective servomechanisim) J.
of the sliding mode type for the stabilization of a }'{he S?Lml}}a galluefs( 0f7tg% p%rarge;er?{ M8:802258
nonlinear helicopter model in vertical flight which 2=V 4, HM3=U.d, A4=/.00, A5=L.1, He=U.UVLO,
include the dynamics of the collective pitch actua- K7=0.005, K3=-0.1088, K,y=-13.92, K;(=800,

tors. This article analyzes extensively, for the range é%é;gg;f %:q%éﬁ gﬁgl(zl())%g)zggdf({%l :ghol?éé\t\?r(istien
of desired final v_alues, the stablllt_y of the closed 100p ni0 the non linear equations of motion by defining
system for the singular perturbation control law pro- the state space vector as

posed by the authors (Esteban et al., 2005), which was

shown to outperform the results presented by (Sira- z x1
Ramirez et al., 1994). This article is structured as fol- z Z2
lows: Section 2 presents the helicopter model used z= ;’ =1 % |- ®)
throughout this article, including an analysis of the 0.6 iz

equilibrium points of the model; Section 3 introduces

the singular perturbation control law formulation de- peing the resulting nonlinear equations of motion,
rived in (Esteban et al., 2005); the stability analysis

of the closed loop system is developed in section 4; =1 =
simulation results of the closed loop system are de- @2 = «3(a1 + azzs — Vaz + aszs) + a5z + acas + a7
picted in Section 5, conclusions and future work are i3 = agws 4 a1oxisinay + agx: +ayn +u1  (6)

described in Section 6 and figures of the computer
simulations are shown in Section 6.

i?4:$5

&5 = a13x4 + a14m§ sinzg + a1525 + a12 + uz2,
where the constants atg=5.31x10"%, a5=1.5364 x

1072, a3=2.82 x 1077, a4=1.632 x 1075, asz=-
2 MODEL DEFINITION Ky, 05=Ky. ar=-g-Ka, 1=Ky, 1g=Ks, a10=-Kq,
The helicopter model that will used throughout the re- @11=K9, a12=0.54360, a13=-K10, a14=-K12, and
mainder of this article is obtained from several techni- @15="K11.
cal reports that were written at the University of Pur- Al . .
due (Pallet et al., 1991; Pallet and Ahmad, 1991) that 2.1  Equilibrium Points Analysis of
describe the vertical motion of a radio/control heli- ;
copter model mounted on a stand as seen in Fig. 1. the Hellcopter Model
The model includes the nonlinear vertical motion of ,
the helicopter and the nonlinear dynamics of the col- n order to better understand the behavior of the sys-
lective pitch actuators, which increases considerably t8m, an analysis of the equilibrium points is con-
the complexity of the model but also depicts a more ducted. The equilibrium points are obtained by
realistic model. The differential set of equations Setting all the derivatives of system (6) to zero thus
that describes the vertical motion of the X-Cell 50 Yielding the equilibrium equations
(Miniature-Aircraft-USA, 1999) model miniature he- 0

licopter are 2

2= Ki(1+ Gepg)Crw® — g — Koz — K3 — K, (1) = sslor toam = Vs F i) oo +
where Cr is the thrust coefficient of the helicopter aeratar 5
model, w (radians) is the rotational speed of the ~ 0 = asz3+awrssinegs +agrs +an +ur (7)
rotor blades,z (meters) is the height of the he- 0 = uzs5
licopter above the groundy (m/s?) is the gravi- 0 = a1324+ arazlsinas + aises + aiz + us.
tational acceleration, and'.;; models the ground . . . .
effect, but during the remainder of this article it will As seen in the previous section, the system is

be considered negligible€x(. ;; = 0). The thrust co- formed by five state variables, and two control sig-

efficient and the dynamics of the angular velocity of nals, therefore two degrees of freedom are expected,
the blades are modelled as but when conducted the equilibrium points analysis,

only one degree of freedom is observed, three equa-

2
Cr = {—Kc& +4/K%, + chec} ) tions with four unknownsis, Z4, 41, u2), where the
bar denotes the value at equilibrium,

w=—Ksw— Kew® — Krw”>sin 0. + Ksue, + Ko, (3
° ¢ ! st o> (3 0= :Y:g(al + a2Zs — Va3 + asZs) + a7 (8)

wheref.. (rad) is the collective pitch angle of the ro-

tor blades. The dynamics of the collective pitch angle 0 = asZs + 1075 Sin T4 + aoZ3 + a11 + 9)
are defined as 0 = a13%4 + a1475 SIn Ty + a12 + o, (10)
0. = Kio(—0.00031746us, + 0.5436 — 6,) —

\ and the vertical velocity of the helicopter and the
K110, — K12w” sin 0., 4) collective pitch rate of the blades is equal to zero
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(z2 = x5 = 0). This is caused because the heli-
copter equilibrium altitude(;) does not show in any

of the equilibrium equations, therefore every equilib-
rium point can be attained at any altitude. This im-
plies that there exists an infinitely number of equilib-
rium points, and one of the variables needs to be fixed
in order to determine a single equilibrium point. The
first equilibrium equation, Eq. (8), defines the equilib-
rium space by selecting a desired value foreither 3 SINGULAR PERTURBATION
or 4, such that an expression can be determined as a

function of the selected desired variable, defined from FORMULATION

Nnow on asrs,, Or x4, respectively. The last Egs. (9-

10), define the control signals required for achieving The general two-time scale singular perturbation
the selected equilibrium points. If the collective pitch model formulation is described (Kokotdviet al.,
angle (4,,) is selected as the fixed variable, the ex- 1986) as,

pressions to determine the values of the other three

corresponding to the minus sign in front of the square
root is a false solution introduced in the previous
computations, therefore only the positive solution is
considered. Note that in both Eq. (15) and Eq. (15)
depend orx,4 defined in Eq. (14).

unknowns as a function of de fixed variahig (x4, ), i = f(z,2¢1), 2(to) =2°, s € R" (17
u1 (x4, ) andaz (x4, )) can be expressed as, et = g(z,2,6t), 2(t0) =2°, z€ R™, (18)
Iy = +. /- ar (11) and its quasi-steady-state condition is obtained when
a1+ a2a, — /a3 + Tap,aa e = 0 thus reducing the dimension of the state space
a defined in Egs. (17) and (18) from+ m to n. This
U = —ag \/ - + quasy-steady state condition of the differential equa-
a1+ 2tap = /a3 + Aaap tion that represents thefast dynamics degenerates
ar(aiosinza, + ag) a (12) into the algebraic equation
——— — 11
“ +a2$4D B @ +C1:4$4D 0 :9(57570715), (19)
_ 7 o a4 SN :C4D o )
U2 = Gzt o a2, — /a3 F Gaza, where the bar denotes that the variables belong to a
1574 (13) system with: = 0. The new model is considered in
b

standard form if and only if in a domain of interest,
If the angular velocity of the blades:d{,) is se- Eqg. (19), hast > 1 distinct real roots (Kokotodi

lected as the fixed variable, the expressions to de-etal., 1986):

termine the values of the other three unknowns as a

function of de fixed variablez(y(x3,, ), @1 (x3,) and

ts(x3,)) can be expressed as

aqx3 + 4 /Kb-I%D + K.

Z=¢i(z,t),1=1,2,.... k. (20)

This assumption assures that a well defined n-
dimensional reduced model will correspond to each

root of Eq. (20). To obtain th&é" reduced model, Eq.

o= 2aws,, PR (20) is substituted into Eq. (17) yielding
Ke - o = 5 4~ (= _ _ 0
ng, 14) x = f(z,z ¢i(7,t),0,t), T(to) =, (21)
- = S a) 15 anq keep the same initial <.:0ndi_tions for the state
“ G xSDgaw.SHjm o van (13) variable z(¢) as forz(t). Using singular perturba-
Uz =  —0Q13%4 — 1473, SINT4 — 012, (16) tion techniques causes the dynamics to behave as a
being the coefficients defined by multi-time-scale system simplifying considerably the
3 , complexity of the dynamics. The slow response is ap-
Ky = a3 —4aza1a4 +4azas proximated by the reduced model (21), while the dis-
K. = —4asaras crepancy between the response of the reduced model,
K, = -3 (21), and that of the full model (17) and (18), is the
az fast transient.
K., =J-=.
@2 3.1 Multi-time Scale Singular

It can be observed that Eq. (11) has two solu-
tions for the equilibrium rotational speed of the blades

(), but constralned.l:_)y the physpal rotation of the (Esteban et al., 2005) showed that a three-time scale
blades, only the positive solution is considered. It pejiconter model was intuitively more precise than a
is also observed that Eq. (14) has two solutions for tyo-time scale due to the treatment of the collective
the equilibrium collective pitch angle of the blades pijtch angle as a state variable, generally being treated
(74), but it can be checked by substituting both so- as a control input. The general formulation of the
lutions in the original equations (7) that the solution three-time scale singular perturbed systems requieres

Perturbation Model Formulation
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the system to posses three different time-scales thatthus rewriting Eq. (23) into

are defined as

ij - f(x’ y?z’€7t)
g = 9=,y 2¢61) (22)
Z’ = Eh(m’ y? Z’ S’ t)’

being0 < ¢ << 1and0 < ¢ << 1. For the heli-
copter model, the fast dynamics are defined as

(:i‘4 = C.CU5
Cis = —x4 + c123 sinxa + o5 + c3 +
C4aU2 (23)
while the intermediate-dynamics are
i‘l = T2
To = x%(m + a4 — Va3 + asza) + asz2 +
aaxg +ar, (24)

and the slow-dynamics are
. 2 . 2
T3 =¢ (05363 —x3sinxy — x3 + 6 + C7u1) . (25)

The the parasitic constants are chosen ta be
—a— = 000125 ande = L = 0.0028, and the

constants of the parameters are

_ ai4

(ta = (x5 (26)

(s = —Ta+c2T5 + c3 + Us. 27)
Setting¢ = 0 yields the root for the fast-dynamics,

s = 0 (28)

T4 = U2+ cs. (29)

Substituting forz, andzs into the intermediate dy-
namics generates the reduced degenerated system,

i1 = X2
To = xi(al + az(G2 + ¢3) — Vas + aa(tz2 +¢c3)) +
asz2 + asTs + ar, (30)

In order to obtain the control law that stabilizes the
¢-subsystem, a series of algebraic substitutions are
conducted. Let

w? = a3 + aa(t2 + c3). (31)

and a expression af; as a function ofw can be ob-

tained such as
2 = o if— -
s = w as 6L4037 (32)
aq

c1 = —— = Cau, co = =Cais and substituting Eq. (31) and (32) into (33) yields
ais ais
1 B =
637_2;2:@“2’ 64:_(17:< / % w? — as — asc
! s ai? Togh — ZB% (m + ao ($ + 03) — w) +
C5=—T=5a87 062_7251111 a4
101 10 asxrs + a617§ +ar, (33)
T e which can be simplified into
The control strategy for the three-time scale sin- B = @
gular perturbation formulation consists in treating .2 2 K
the three different scales as two distinct singular . s (sgw et Ka) +aszz +
perturbed problems. The first problem considers agrz +ar, (34)

the fast and intermediate dynamics, and obtains thebeing

associated control law that stabilizes the first sub-

system using singular perturbation methodology de- =2 K. = a5+ ages — az(as + a403).
scribed in the previous section. For this subsystem, as’ as

the collective pitch angle dynamics. z5) are the
¢-fast dynamics and the vertical motion of the heli-

copter 1, z2) are the¢-slow dynamics. The second T1 = X2

Letv = cgw? — w + K,, thus Eq. (34) becomes

problem considers the intermediate and slow dynam-

ics, being the vertical motion of the helicopter the

fast dynamics and the angular velocity of the blades

(x3) thee-slow dynamics of the system.

3.1.1 Control formulation for the {-singular
perturbation subsystem

Prior to determine the control law for thiesingular

iy = T30+ asze + asTs + ar. (35)

We choose a stable target system of the form
T1 = X2
—b1(z1 — w1,) — bawa, (36)

whereb;, andb, are control design parameters that
determine the desired time response, ang repre-
sents the desired altitude of the helicopter. The con-

T2 =

perturbation subsystem, a change of variables is re-trol problem can be solved if ais chosen such that

quired in the(-fast dynamics, Eq.
solving for the root of the manifold = f(z,7,0,1).
A feedback transform is introduced such that

_ 2 .
Uz = C1T3 SN T4 + CaU2,

52
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system (35) behaves like the target system defined in
(36). The control signat is therefore chosen to be:
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where which represents the first two of the equilibrium Egs.
d= b+ as. (38) (7). The first equation yields that the vertical velocity

The control lawus can the obtained tracing back Of the helicopter is zero for the-fast manifold, and

the algebraic substitutions from the final target system the second equation yields an expression that defines
to the initial degenerated system such that the space of configuration for the vertical motion as a

function of bothzs andz,.
Uy — cw% sin x4

Yo=——" " (39) x3(ar + asxs — Vaz + aaxs) far =0,  (44)
whereis is Solving Eq. (44) for bothxzs and x4, and
5 substituting the associated independent variable by
Ty = w} (40) x3, andzy,,, respectively yields
aq
wherew can be obtained solving the quadratic poly- = 4, /- ar 45
nomial o a1 + 24, — /a3 + Tap, a4 (45)
csw' —w+ K, = v a4x3Di,/Kbx§D+Kc
cgw2 —w+Ks—v = 0, (41) %2 = QCL%»TSD ) i
wherev is defined by Eq. (37). Solving for the roots K. 46
of the polynomial in Eq. (41) yields 22 (46)
D
w= 1+ V1 — des(Ka — ”)_ (42) where ¢1 (x4, ) represents the solution of the rotor
2cs blade angular velocity in the-fast manifold when a

It can be checked by substituting in the original desired collective pitch anglex(,) is selected, and
equations (7) that the solution corresponding to the ¢2(x3,,) represents the solution of the collective pitch
minus sign in front of the square root is a false solu- angle in thes-fast manifold when a desired rotor blade
tion introduced in the previous computations. In the angular velocity £3,,) is selected. These two expres-
following, only the positive root will be considered. sion allow the designer to choose which one of the
The control law for theus(z1,21,, 22,23, 24) IS variables is considered as the second desired state,

therefore defined by which is required to define the equilibrium points of
) the helicopter. Note that both Egs. (45) and (46) have
ur = Ky (1 + /1 —des (Ko — U)) iy two distinct solutions depicted by the sign. As it
was shown in Section 2.1, it can be observed that Eq.
K, + Kpa3sinza, (43) (45) has two solutions for the rotor blade angular ve-
where locity in the e-fast manifold,¢,, but constrained by
the physical rotation of the blades, only the positive
K, = ay+ ages — 22008+ aacs) solution is considered. It is also observed that Eq.
ay (46) has two solutions for the collective pitch angle
1 in the e-fast manifold, ¢-), but it can be checked by
Ky = dascact substituting both solutions in the original equations
adlE acs (7) that the solution corresponding to the minus sign
K, = —-——>2 in front of the square root is a false solution intro-
c R duced in the previous computations, therefore in the
Kn = -2, future only the positive solution will be considered.
¢4 Once the roots of the manifold = ¢(z,y,z,0,t)
Results will be discussed in Section 5 are defined, the control laws can be obtained by sub-
stituting Eqgs. (45) or (46) into the-slow dynamics
3.1.2 Control formulation for the e singular depending if the control law has to be solved for a
perturbation subsystem desired collective pitch angler(,), or a desired an-

gular velocity, {3,,), respectively yielding:

Once the first control law for the fast-intermediate . 2 . 2

system is obtained, the second control law to stabi- %3 =¢ (esdr — @rsinzs — @1 +cs +crm),  (47)
lize the intermediate-slow system needs to be deter-,

mined. The stabilized vertical motion dynamics be-

comes thes-fast system, and the angular velocity of i3 =€ (csws — ahsingo — a3 + 6 +crur) . (48)
the blades is the-slow system. Setting the manifold

0 = ¢(z,7,0,t). The root of the=-fast manifold are The control laws are obtained by defining a target
determined by setting = ¢(z, 7, z, 0, ), yielding system of the form
0 = a9 &3 = —ebz(w3 — x3,,), (49)
2
0 = a3(a1+ axrs — Vas + asza) + asza + whereb; represents the desired dynamics of the angu-
asTs + ar lar velocity of the blades. The control law associated
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to Eq. (47) for a desired collective pitch angle; () 4 STABILITY ANALYSISOF THE

'S i ) CLOSED LOOP
wiey,) = -SOLTOII, DOt FORMULATION
7
—bs(xs — 1), (50) In this section, the local asymptotic stability of the de-
and the control law associated to Eq. (49) for a desired sired equilibrium points is analyzed for the resultant
angular velocity of the blades:{,) is closed loop system. The indirect method gapunov
- , is used: if all the eigenvalues of the Jacobian, evalu-
wi(ws,) = _ C5T3p — T3, singe — x5, + ated at the equilibrium, are in the open left-hand com-
Wp) cr plex plane, the equilibrium is asymptotically stable.
bs(zs — x3p). (51) In the following, this condition is checked using the

_ ) Routh-Hurwitzstability criterion (Routh, 1905). A

Prior to analyze the effectiveness of the pro- necessary but not sufficient condition for every so-
posed control laws for different final conditions, itis  |ution of D(s) = 0 in the left-hand complex plane
necessary to define the limits of the set of desired fi- says that all coefficients of the characteristic polyno-
nal conditions that will be considereds(, andxy,,). mial must be greater than zero, otherwise the system
For the limits of the angular velocity of the blades, is unstable. The sufficient condition of tHouth-
we assumed that the engine can physically generate aHurwitz criterion says that the number of roots of the
maximum angular velocity ofs, ,, = 180 rads/sec.  polynomial that are in the right half-plane is equal
For the range of collective pitch angles a maximum to the number of sign changes in the first column of
collective pitch angle ofr,, .. = 0.25 rads. is  theRouthtable. Therefore all coefficients of the first
considered, and the minimum collective pitch angle column must be positive. In order to construct the
can be determined analyzing the modelization of the Routhtable, the characteristic polynomial of the sys-
thrust coefficient, Eq. (2), where it can be observed tem to be tested is assumed to be of the form

2

. . K,
that only collective pitch angles, > 7K2 = 72—2 D(s) = aos* + a1s* V4 -+ ap_1s+ar, (52)
will be defined. Analysis of); shows that there is a . .
region within the collective pitch angle defined range, 1he Routhtable corresponding to th®(s) is ob-
that it is not defined as an attainable desire final con- tained by constructing the first two rows transcribing
dition. This defines two distinctive regions of interest the coefficients oD (s) in alternate rows as shown in

for the collective pitch angle table 1. Each succeeding row of the table is completed
using entries in the two preceding rows, until there are
Tay,, . > Tap > —2 no more terms to be computed. In the left margin are
! a4 found a column of exactly numbersay, as, .. ., ag
Tdmazw > Tap > Tdyip,, for a kth-order system, wherRouth-Hurwitzcoeffi-
beingzy,,,, andzy,,, the roots of the denominator glents are
of ¢; equal to zero, b1 = a2 — a1as, b2 = a4 — a1as
a4 — 2a1a2 — \/a?l —4dasaraz + 4a3as ¢ = az — azbs, c2 = as (53)
Laim, = 242 dy = ba — azca, €1 = c2 = as,
2
a4 — 2a1a2 + \/aﬁ — dasaras + 4a2as being then’s defined by
Thpimy = ’
tima 2(13 Y i . a
substituting the constants, the ranges are defined as a7
—0.3992 x 107° > x4, > —0.1727 x 10~" as = c—l = 2—1 (54)
1 1
0.25 > 4, > 0.4138 x 107° d
. . as = —
Figure 2 represent the relation @f,(z4,) and €1

¢2(x3,,) for the ranges of considered desired collec-
tive pitch angle and angular velocity of the blades.
Analyzing the results of Fig 2 in detalil, it can be

seen that despite that entire range of desired final con- Table 1: Routh table.

ditions above used is defined, it is illogical to con- - a | e | it
sider desired collective pitch angle values, < a1 =g | br=az—aiaz | b2 | b3 :
4.8727° since it requires angular velocities above 180 oz = % cL=az—azby | e | oo
rads/sec to define this equilibrium conditions, thus the as = % di = by — azer

range of desired collective pitch angle is reduced to a4 =q

14.3239° > x4, > 4.8727°. Results of the proposed :

control law will be discussed in Section 5

54



STABILITY ANALYSIS OF A THREE-TIME SCALE SINGULAR PERTURBATION CONTROL FOR A

The Routh-Hurwitzcriterion states that the roots of
D(s) = 0 lie in the left half-plane, excluding the
imaginary axis, if and only if all they's are strictly
positive. We need now to obtain the coefficients of
the characteristic polynomial of the system defined as

D(s) |sI — J|

5 4 3 2
aos” +ai1s +ass” +ass” + ass +

as,

(55)

wherel is the5 x 5 identity matrix, and J represents
the Jacobian of the original system, Eqg. (6), and de-
fined as

r o9& 9&; 94y 94y Oiy
9zy  Qzz  Qxz  QJza Qs
J(z) = oi3  O#3  O#3  Oiz  Oig
oz Oz dxg Oxy dxs
O#y  O#y  Ody  Ody  Oiy
L Oz Oxo dxs Oxy dzs
0 1 0 0 0
0 ba2 bas bay O
= 0 0 bzs bzs O ,  (56)
0 0 0 0 1
L bs1 bs2 bss bsa  bss
where the coefficients of the Jacobian are as
baa = a5+ 2apx2
bas = 2x3(a1 + a2x4 — Vaz + aaxa)
by = 22 aQ,L
2 /a3 + asxs
. ou
bz = as+ 2a10T3sinzs + 2a923 + o
83@3
ou
bsa = alol’gCOSM-&-fl
823'4
6U2
b51 == 87"51 (57)
(9’11,2
bey = 292
52 8$2
. ou
b53 = 2(114.%3 sin x4 + 72
8:133
ou
bsa = a13+a14m§cosx4+—2
81‘4
bss = ais,

Recalling that there are two possibilities for the con-
trol law, as seen by the duality of;, Eqs. (50) and

(51), there are also two possibilities f§f- and 3
as seen bellow,

8u1(1:3D) 811,1($4D) _ —b

81‘3 o 8:53 o 3
Oui(zs,) a7 CoS T4

0x4 N (a1 4 azxsay, — /a3 + aaZay )cr
8u1(1:4D) _ 0

81‘4 '

RADIO-CONTROL HELICOPTER ON A PLATFORM

The partial derivatives of the control law Eq. (43) are

Ous 1 ov
— = 4Kyceg |1+ —_—
oz 7o ( 1—4desg(Ka — v)) 0x1
Ous 1 ov
— = 4Krces [ 1+ —_—
Os e ( /1 — dcs(Kq — v)) D2
Ous 1 ov
—= = 4Kysces |1+ — +
Oz 7 ( 1 —4cs (K, — v)) Oz3
2K x38inza
% = Khx§ CoSs T4,
8£E4

where the partial derivatives afwith respect to the
states are defined as

w o b
ox1 x2

ov 2a6x2 + d

=27 = 62T Y 58
Oz z32 (°8)
ﬂ r 2043.@% + 2a7 + 2dxo + 2by (.T1 — .T1D)
dzs 52 ’

Substituting Eq. (56) into (55), yields the coefficients
of the characteristic polynomial

aop 1

a1 = —bzz —bax—bss

az = —bsq + baobss + b22b33 + b3zbss

a3 = —bo2b33bss + b3zbsa + ba2bsa — bs2bos —
bs3bsa (59)

as = —bs2b23b34 — baabs1 + bs2b24b3z +
baobs3bzs — baabssbsy

as = —bs1(b2sbsa — b3zbas).

Once the Jacobian is calculated, in order to proceed
with the stability analysis at the desired final con-
ditions, it is necessary to substitute the equilibrium
conditions. These conditions, as seen in section 2.1,
imply that the vertical velocity of the helicopter and
the rate of change of the collective pitch tend to zero
(x2 = x5 = 0), which simplifies substantially the
coefficients and the corresponding analysis. Also
when the system achieves the desired operating point,
1 = Tip, Ty = Top and T3 = X3p- Once

the equilibrium points are substituted, the coefficients
of the characteristic polynomial only depend on the
variation inz3,, andz,,, and the final desired alti-
tude ,,) is irrelevant for the analysis. Figures 3
and 4 represents the variation of the coefficients of
the characteristic polynomial and tRouth-Hurwitz
coefficients respectively of the closed-loop system
as the desired collective pitch angle is varied from
14.3239° > x4, > 4.8727°. Figures 5 and 6 repre-
sents the variation of the coefficients of the character-
istic polynomial and theRouth-Hurwitzcoefficients
respectively of the closed-loop system as the desired
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FIGURES

Figure 1: Helicopter mounted on a Stand (Palletetal., 1991)
(Pallet and Ahmad, 1991)

RADIO-CONTROL HELICOPTER ON A PLATFORM
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