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Abstract: This paper presents the usage of hybrid systems to develop an adaptive recent horizon controller for a nonholo-
nomic car-like robot. The system is modeled by a non-deterministic hybrid system in which transitions repre-
sent the discrete control actions, mode invariants the constraints and the transition relation encodes sequencing
requirements. The control algorithm examines at runtime the possible traces into the future by determining at
which time point to switch to which mode. Based on these predictions the next control move is performed. We
demonstrate our approach by controlling a car-like robot though a maze without any pre-runtime path planing.

1 INTRODUCTION occur if its guard allows it, but some transition has to
occur if the invariant in a mode becomes false. The
goal of the control algorithm is to trigger the tran-
sitions, at runtime, such that the system exhibits the
desired behavior; minimizing some cost functign

In many applications a high level digital controller is
interacting with a set of low level controllers and actu-

ators. Often these low level controllers and actuators, Th oll dinthi is adaptive in th
being for example PID controllers, accept only a finite ' '€ CONrolier proposed in this paper s adaptive In the
sense that the control frequency, the amount of time

set of discrete control actions, e.g. start PID controller ; : .
i, turn left, open valve. While there is a finite num- ' between control moves, is not fixed but changes.

ber of possible control actions, the control input itself It becqmes shorter as there are constraints and 'F’F‘gef
is continuous. For a car the actions are turn steering °tNerwise. The control algorithm bases its decision
wheel left, turn it right or hold it at its current position, on pred|c.t|ons of the futurg behavior of the system.
accelerate, hold speed, de-accelerate. Clearly, therd'S found in many systems in nature, a human driving
are constraints, the steering wheel can only turned & Ca'. the control algorithm sees the constraints, being
right until it reaches its maximal right position, ac- Walls or bends in the road only within a finjpgedic-
celeration and de-acceleration rates are finite. tion horizon. _ _

Such control systems can perfectly be modeled us-  The approaches presented in (Almeida etal., 1997),
ing hybrid systems (Almeida et al., 1997; Abdelwa- the authors dgvelop a hybrlq cqntroller to control a
hed et al., 2002: Kowalewski et al., 2000 v. Mohren- Nnon-holonomic vehicle that inspired us to apply our
schildt, 2001; Abdelwahed et al., 2002; Labinaz et al., @PProach to motion control problems, and (Abdelwa-
1997; Bemporad et al., 2000; Bemporad and Morari, Ned et al., 2002; Kowalewski et al., 2000) develop-
1999). A hybrid system has continuous states that iNg & controller for a two tank system, relaying on a-
evolve according to differential equations, and a fi- Priory analysis of the control problem to develop there
nite set of modes that evolve according to transitions. Nybrid systems. In contrast, the constructions of our
Changing mode causes a discrete change of the dif-controller is generic, resulting in a non-deterministic
ferential equations. The transitions in between modes hybrid system, only the prediction horizon has to be
are be guarded by conditions on the state variables.determined by analyzing the system to be controlled.
Further, each mode contains a mode invariant, a predi-The transition conditions that define the control strat-
cate on the state variables that has to remain true while€9Yy are determined at run time by the supervisor al-
the system is in that mode. These hybrid systems aregorithm.
non-deterministic in their transitions, a transition can  Several questions arise: Can the control algorithm
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prevent the system from entering a blocking state, resentation Figure 1. Note, that if the system is in the
does the control algorithm control the system into its TWL mode andp reaches—" then the system has a
global minimum with respect to the cost function or forced transition to th&&TOP mode. Any trace of
do we get stuck in some local minimum. We show this hybrid system represents a “legal” motion of the
that under some general assumptions the proposedsteering wheel.

control algorithm can satisfy both of these goals. The
approach taken follows the ideas presented in (Mayne
and Michalska, 1990; Primbs and Nevistic, 2000;
Almir and Bornard, 1995) by choosing a prediction
horizon such that the finite horizon controller is stabi-
lizing.

We apply the proposed approach to the problem of
controlling a non-holonomic car-like robot. The goal
of the algorithm is to control a robot though a maze.
The algorithm does not have a map of the maze, nei-
ther is there any pre-runtime motion planing. The al-
gorithm can only explore the maze within a limited Definition 2.1 (Hybrid System) A hybrid system is
horizon of its current position. We show simulations a tuple
using a tracked vehicle, a vehicle that can turn on a
dime, and a car-like wheeled vehicle. The simula-
tions where performed using a generic implementa- \yhere:
tion of the developed control algorithm in conjunction
with C-code that was automatically generated using
the computer algebra system Maple from the sym-
bolic solutions of the differential equations.

First we introduce the hybrid systems used to
model the system. Section 4 presents the control algo-
rithm and investigates stability conditions. In section ®
5 we then apply our control algorithm to steer a car-
like robot though a maze.

p<n/4a

true

Figure 1: Steering Hybrid System

S:(QaXaKMF767I7G7A>

e Q = {qo,9, - ,q.} is the set of discrete states,

called modes, of the systerdi, C R*™ is the set

of the continuous states, called statésC X,Y €

R™ is the output space.

V is the set of variables. We distinguish two type

of variables, state variables;,1 < i < n and

output variabless;, 1 < i < m, that are also state

variables.

e F: Q@ — (X — X) gives a set of differential
and algebraic equations that describe the continu-
ous behavior of the system for each mode.

0 C (@xQ)isthetransition relation that describes
the discrete behavior of the system.

I:@Q — (X — bool) gives an invariant for each
mode.
G:(QxQ) —
guard function.

A (QxQ)—

Our systems are autonomous, transition time points
are measured relative to the start of the system, all

2 HYBRID SYSTEMS, EVENTS,
CONTROLLED TRACE .

A vast amount of literature contains detailed dis- ®
cussion with different approaches to hybrid systems.
(Branicky, 1998; Gollu and Varaiya, 1989; Henzinger, e
1996; Labinaz et al., 1997).

To motivate the use a non-deterministic hybrid sys- e
tem as a model for control systems we give a simple
example of the movements of the steering wheel in a
car. The position of the steering wheel is given by the

(X — bool) is the transition

(X — X) is the transition action.

angleg, where=" < ¢ < 7. The steering wheel
can either be turned left, turned right or held at its po-
sition. The turning rate of the steering wheel is lim-
ited: » = —0.01,¢ = 0,6 = 0.01. The hybrid sys-
tem hence has three modeEWL STORP,TWR, turn
wheel left, stop, turn wheel right. The turning left and

turning right modes have invariants that ensure that

the wheel is not turned to farf(TWL) = ¢ > -

andI(TWR) = ¢ < Z. In each mode is computed
by a differential equatron.F(STOP) = ¢ = 0,
F(TWL) := ¢ = —0.01, F(TWR) := ¢ = 0.01.

The transition guards are shown in the graphical rep-

differential equations are autonomous. In the follow-
ing we usey;, , g, - - - to denote a sequence of modes
with indicesiy, io, - - - . An executiore of the hybrid
systemHS starting at some time poirt®, modeqq
and stater is a sequence

€= (CIOﬂan q)0)7 (qilatla q)l)v e

such that(g; , q;,,,) € 0, ®;(t) is the solution of the
equationst’(g;,) for t; <t < t;,4, with initial con-
ditionstbj(tj) = (I)jfl(tj),j > 0, and(I)()(to) = X0.

This time is relative to the start of the system, the sys-
tem itself is autonomous
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Further it must hold thaf (¢;)(®,(t)) = true for
tj <t <tivj, Ggi,ai,,,)(®;(t;)) = true, and
A(Qij ) qij+1)(q)j (tJ)) = (I)j+1 (t])

A trace T starting at timety in modeg, and state
x is a (finite or infinite) sequence of modes together
with the time points at which the system switched into
that mode:

T = (QO7tO)7 (qilatl)a (Qi27t2)7 e

such that there is a unique executiowith the same
modes and times.

As noted, the hybrid systems 2.1 are non-
deterministic. This means that the set of all traces
starting in some modey, statez,, and timet,, de-
noted withTy, »,.+,,» Can contain more then one ele-
ment, it is in general infinite.

There could be traces that end irblacking state,
meaning a mode; and statex where I(g)(x)
fal se andVq. (¢,q) € § — G(¢,q) = fal se.
Also, there could be so calledenotraces, traces
Wherelimiaoo tiv1 —t; — 0.

A transition is called dorced transitionsf it hap-
pens at a time point in some mode; and stater
where I(q)(x(t)) is fal se and G(q,¢')(z(t)) =
true.

We call a hybrid systenproper if all forced tran-
sitions are unique: if the system is in the mage
statex at time pointt andI(q)(z(t)) = f al se then
there exists at most ong such thaiG(q, ¢’)(z(t)) =
true.

Definition 2.2 (Event) Given a hybrid systenHS
and a set of traceqdy, ., - An evente, .. ; is a
mapping from the set of traces to the set of traces
that selects all the traces; € T, 4., containing
the transition fromg; to ¢; at time pointt. the set of

all traces that change mode frogto ¢; at time point

t.

Note, ey, q,.¢(T4,20,1) COUlD be the empty set.

Finally, we can define the notion of a controlled
trace, being the set of traces in which all transitions
are either forced of are caused by an event.

Definition 2.3 (Controlled Traces) To a sequence of
events< ey, 4 ., t, >, the set of traces with

7 € Tyo.z0.t0» I they exists, that contain only forced
transitions and transitions caused by the events is
called a controlled traces.

Lemma 2.4 For a proper hybrid systentS, a se-
guence of events and a set of traces the controlle
trace, if exists, is unique.

The proof consists of applying the definitions. All

3 THE CONTROL PROBLEM

Equipped with hybrid systems we now model the con-
trol system by combining the model of the plant, con-
straints of physical and logical nature, and the possi-
ble control inputs, given in form of control functions,
into one hybrid system.

The system to be controlled is represented by the
system of differential equations

& f(w,u) (1)

wherex € R", v € R™, f: R" x R™ — R™ models

the dynamics of the plant. We assume that the plant
is totally observable and hence, for simplicity, do not

have an explicit output function. Further the system

is assumed to be controllable afi, 0) = 0, and f

is Lipschitz continuous with constait

1f(z,u) = f(&, u)|| < L[z — Z[].

The control inputu can not be chosen freely, but
the value ofu is computed by a member of a set of
control functionscf;,7 = 1---k, cf : R® — R™,
(Morse, 1993), the control algorithm plays the role of
a supervisor and determines the time points when to
use which controller. For one of thd; it holds that
cf;(0) = 0. This is motivated by systems in which
digitally controlled actuators interact with the plant.

The state and the control input are constrained. The
constraints are given in form of a system of equali-
ties and inequalities. We do not restrict to linear con-
straints, since we intend to solve a non-convex prob-
lem. To model the movements of a car in a maze
we need to include the dimension of the car, collision
with walls is determined by deciding if a given set of
equalities and inequalities does not have a solution.
There could also exist logical constraints, constraints
that dictate sequencing requirements such sisould
be zero before: can change from positive to negate,
e.g. the car can not reverse before it came to a com-
plete stop.

The goal of the control algorithm is to minimize the
cost function

Ty u) = /tg(:c,u)dt

0

for a positive definite functiong. It holds that
¢(0,0) = 0. The control algorithm is restricted in
that it does not have a global view of all constraints,
but can only see constraints that are “visible” within
a givencontrol horizonH. This horizon can not be

dchosen freely, it must by sufficiently large such that

the resulting recent horizon controller is stabilizing
(Almir and Bornard, 1995). We examine this further
in4.1.1.

forced transitions are deterministic by the properness The control problem is modeled using a hybrid sys-

assumption, all other transitions in a controlled trace
correspond to events.
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by the model equatiot: = f(z,u) and the equa-  construct an equivalent process for our mixed discrete
tion v = cf;(x). The mode invariants model the continuous system.

constraints. The transitions encode the sequencing As noted, the control algorithm can not explore the
requirements and the transitions are guarded by theentire future behavior of the system but is restricted to
mode invariant they lead to. This is to ensure that the prediction horizorH .

the system does not switch into a mode in which the Definition 4.1 (H-Predictive Trace) Let CHS be a

mvzrlant IS fflse. NOt‘Tf’ tfor tgtqhglcal reasonsc,j, 3aCh hybrid system. A -predictive trace starting in mode
modeg; contains a self transitiod(q;, ¢;) guarde ¢, and statez and time pointt is a trace r =
by the invariant of the mode. To ensure that the con- (@:0), (gi1, 1), - (g, 1) Of the CHS hybrid sys-
H H. H ) ) 11 ) Ins¥N

;roll system relmha||r:j§ at I?aSt a_mmlmr?l amé)unt of tlgsje tem starting in mode, statexz and has duration,
min. MiNIMal hoiding time, in €ach mode we add ;' _ ;| i The set of all these traces is denoted with
the state variableclock with the differential equa-  m
tion clock = 1 to each mode, each transition guard ~ " S '
is augmented witltlock > tmin andtmp, is set to 0 In general the seT”, , is infinite. In practice we
during each transition byl. The developer has to en- have to impose restrictions such that we can explore
sure that the constructed hybrid system is proper by this set. We use two constants: (1) The previously
determining which transition should be taken in case definedimin, which is the minimal amount of time
a mode invariant becomes false and modify the tran- the system has to remain in each of the modes in any
sition guards accordingly. trace. The reason to restrict the minimal amount of

The resulting hybrid system is called tbentrolled ~ time the system has to remain in a mode g, is to
hybrid systemCHS. The control problem hence is gives us the time needed to run the control algorithm.
reduced to “switching the mode of ti@HS system  (2) tmax Which is the maximal amount of time the

at runtime”. system can remain in any mode without considering
For convenience, for any tracec T, ., we write  t0 SWitch modeZpjn,tmax gives us the time frame in
J(7) to denote the cost computed over the trace which control moves are scheduled to happen. These
The value ofJ(7) can be computed over each trace restrictions now allow us to reduce the sizefif, ;-
sincez andu are state variables. Definition 4.2 (Restricted H-Predictive) A re-

The control problem can not be solved in general. stricted H-predictive trace starting in mode and
We need assumptions under which an algorithm will siate, is a predictive trace

succeed.

Assumption 1 For z, and ¢y the CHS is non- 7= (1), (g, 11), (@ia t2), (G Tn)

blocking, there exists an traceof infinite length. where t;.1 — tr, the time spend in modey, is
uniquely determined as the maximal amount of time
traces is denoted WitNBT*. The infinity stands for € SyStem can remain in mogle while the invariant
the fact that the setBT™ could be constructed by ~Za N0ldS antimin < fit1 — i < fmax

an infinite construction. The optimal solution of the By construction we havg, | — t; > tmin-

For a systemCHS, the set of the non blocking

control problem is the trace € NBT with minimal Note, theCHS hybrid system contains self transi-
J(r) denoted as™. tions for each mode, this means in a predictive trace
Definition 3.1 (CHS Control Problem) Givenahy-  the system could remain in any mode as long as the
brid systenCHS, an initial statex, initial modeqy invariant of this mode is not violated. We useﬁT

and the cost functiod, if NBT™ is not empty thenthe 0 denote_the set of all restrictdﬂ-predictive_ traces
sequence of evenise,, ,, ., > that corresponds that start in mode; and stater By construction and
to7* is the optimal solution of th€HS control prob- lemma 2.4, R'g{x is a finite set. Transitions either cor-
lem. respond to events or are forced. The lengtif the H

predictive traces is at mosf /tin- and the at least
By construction the control hybrid syste@HS re- LH /tmaxo.

mains for at leastyy,;, time units in each mode. Now we are ready to give the control algorithm:

Definition 4.3 (Supervisor) Let ¢t; be the next time
point where a control move is required, ahgn be

4 THE CONTROL ALGORITHM a constant given at the end of this definition.

] ] 1. Attime point;—tryn the supervisor reads the mode
For discrete systems, recent horizon control algo- ; and stater of the system and determines all re-

rithms approach the problem by repeatedly solving  stricted H-predictive traces R :
a finite horizon control problem, realizing the first 7q

control move and then repeating the procedure. We 7= (q,t; — tun), (¢iy 5 ti), (Gisy t2), - -+ (¢, tn)
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which are the traces that start in mogdeemain for Assumption 2 For all traces
trun in modeq and then switch to some new mode
4i,» Which could bey again. 7 = (90, t0), (¢ir: 1) (Gin» t2), - -

2. If RTY  is the empty set, meaning there is no con- starting in statez, and modey,, with 7 € NBT™,
trol move that prevents the violation of the con- there is anH such that for all the finite traces e
straints the system has to be stopped or invoke aRTg.i 2, andT € RTZ.M@M, 7 and7 being the op-

user defined ad hoc procedure to relax constraints timal traces, where;; is thei-the state ang;, thei-th

so that the system becomes feasible again. Letmode ofr, there is anv, 0 < a < 1 such that

T be the trace with minimal/(r) of the traces

T €RTY . aJ(F) < J(T).
3. At time pointt; the supervisor causes the hybrid Assumption 2 ensures that the finite horizon strat-
system to switch to the moglg. egy can succeed in solving the control problem by re-
4. The supervisor waits until the time poiat— trun quiring that/f was choose such that for all predictive
and starts again with step 1. tracesr; ‘
. . . J(mi+1))
trun is the amount of time the supervisor needs to per- sup TT) = 1

form its computation. . y o’ o
) This represents the conditions of the stability criteria
The algorithm should also keep track of the value of 35 found in the above mentioned literature.
J(7) computed in the previous step and check thatit | et + be the trace and be the corresponding exe-
is larger ther/(7) computed in the current step which  cution. To apply the stability criteria we translate our
allows to verify that the plant progresses towards the continuous system into a discrete sequence of states
minimum of J as detailed in the next section. by using the solution®; of the execution, hence

4.1 Stability and Complexity z(n+1) = @i(2(n), tni1)
This sequence is well defined since the solution to the
There is a documented gap between the theoret-initial problems as we enter modg, is unique.
and there "pracical Use . incustial applications. 1°01eM 4.4 (Stabilty) Under the assumpions 1,2
(Allgdwer and Findeisen, 2002; Morari and Lee, GFConit) algorithm is stable.
1999; Davrazos and Koussoulas, 2001). Stability is \We have to show that repeatedly computing the pre-
assured by either introducing carefully chosen ter- dictive traces, determining a sequence of events we
minal weights, defining a set that has to be reachedobtain a trace that approximates the optimal solution
within each of the finite predictions, or by determin- 7" of the control problem. Let; be the sequence of
ing the prediction horizon such that repeatedly solv- the predictive traces choose by the control algorithm.
ing the finite horizon problem results in a global op-  Letz(j) andg;; be the state and mode we are in at
timal solution (Mayne and Michalska, 1990; Primbs time pointt;, j = 0 is the initial state.q;, ,, is de-
and Nevistic, 2000; Almir and Bornard, 1995). We re- termined from the tracé ¢ RTf..m(i) with minimal
lay on the latter approach by determining assumptions cost. The system moves to mg’d@“ at time point
under which the proposed algorithm is stabilizing. ;.\ where we are in state(j + 1). Let7 be the next
. traces determined by the algorithm 4.3. Be assump-
4.1.1 Stability tion 2 we have that either that(7) < J(7) since
a < 1, or they are equal in the case that we already
To show stability of the proposed control algorithm reached the stable point= 0. By this the cost of the
we relay on the classic Liapunov argument using the local finite horizon predictions as computed by the al-
costsJy (x,q) computed over the finite horizoH, gorithm J(7;) is decreasing and with this the system
which are the predictive traces, as Liapunov function is stable.
(Mayne and Michalska, 1990; Primbs and Nevistic,
2000; Almir and Bornard, 1995). We have to de- 4.1.2 Complexity
termine under which conditions the sequence of the
Ju(z, q) is decreasing. The complexity of our approach is determined by the
To ensure convergence we assume that the pre-size of the set Rj‘_‘m which grows exponentially in
diction horizon is sufficiently large such that the se- the number of mode switches of the predictive traces.
guence of the costd(r;) wherer; is the predictive ~ However, in practical applications the situation is not
trace computed in théth step of the control algo- as bad as it first seems. If there is no “constraint vis-
rithm is decreasing. ible” within the prediction horizon the predictor uses
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Calr Angle i
Turning Rate --—-----

Figure 2: Track vehicle

L3 T T
/A Car Angle
/ Turning Rate -------

Figure 3: Wheeled vehicle

large steps, defined biynax, to reach the prediction  Figure 4: Control input and angle for tracked and wheeled
horizon. If there are constraints then traces resulting vehicle
in a blocked state are cut reducing the search space.
The observation of the reduction in search space
caused by cutting branches of the search tree is con- First we like to point out that in contrast to many
sistent with observations made by other approaches toapproaches to car control there is no path planing,
model predictive control (Abdelwahed et al., 2002), meaning that the car is not tracking a predefined path.
(Hadj-Alouane et al., 1994). Also, our implementa- The controller can only explore the possible paths
tion uses symbolic techniques based on (v. Mohren- within the prediction horizon and “sees” the walls
schildt, 2001), which we do not detail here, that re- only as they enter into the prediction horizon. Also,
duce the amount of computation needed at run-time in contrast to (Almeida et al., 1997) we did not de-
by symbolically pre-computing the solution of the dif-  velop a special controller for this problem but run the
ferential equations whenever possible. The symbolic controller as defined in this paper in its generic form.
solutions allow us to reduce the real- time computa-  The example demonstrates that our control algo-
tion to evaluation of formulas. Obviously, the num- rithm is able to perform point-to-point motion con-
ber of formulas is still exponential with is consistent trol without path planing. The prediction horizdif
with the explicit MPC algorithm algorithm presented was chosen such that the controller was able to “look
in (Bemporad et al., 2002). around the corner”, which means, as we move with 1
m/sec and the longest wall is 1m long we use a pre-
diction horizon ofH = 1sec.

5 NONHOLONOMIC CAR-LIKE The car is modeled as follows:
ROBOT i=wvcos(d), y=uvsin@), O=vu (2)

with the control variable: andv € {—1,0,1}. z,y
We used our approach to control a nonholonomic ro- is the position of the center of the rear steering axle,
bot moving in a maze. We present both, a car with @ is the rotation of the car in relation to the coordi-
tracks and a car with wheels. For details about the nate system. The four sides of the car are computed
modeling and control of nonholonomic cars the reader at runtime usinge, y, 6, using the the car lengty,
is referred to the book (Laumond, 1998). The exam- width .4, and offset2 of the rear axle.
ple presented here was inspired by (Almeida et al., We performed two types of simulations, being
1997). discrete valuedy, € {-2,0,2}, which models the

287



ICINCO 2005 - SIGNAL PROCESSING, SYSTEMS MODELING AND CONTROL

movement of a track vehicle, antbeing change rate  Bemporad, A., Borrelli, F., and Morari, M. (2000). Optimal

constrainedu € [-3,3], du € {-5,0,5}, which controllers for hybrid systems: Stability and piecewise
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For both simulations we used a mixed numeric, predictive control based on linear programming - the
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