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Abstract: Traditionally, the Structure From Motion (SFM) problem has been solved using feature correspondences. This
approach requires reliably detected and tracked features between images taken from widespread locations. In
this paper, we present a new paradigm to the SFM problem for planar scenes. The novelty of the paradigm
lies in the fact that instead of image feature correspondences, only image derivatives are used. We introduce
two approaches. The first approach estimates the SFM parameters in two steps. The second approach directly
estimates the parameters in one single step. Moreover, for both strategies we introduce the use of robust
statistics in order to get robust solutions in presence of outliers. Experiments on both synthetic and real image
sequences demonstrated the effectiveness of the developed methods.

1 INTRODUCTION tages. First, we need not to extract features nor to
track them in several images. Second, robust statis-

Computing object and camera motions from 2D im- tics are invoked in order to get stable estimates. We
age sequences has been a central problem in computeiftroduce two approaches. The first approach esti-
vision for many years. More especially, computing Mates the SFM parameters in two steps. The second
the camera motion and/or its 3D velocity is of partic- a@pproach directly estimates the parameters in one sin-
ular interest to a wide variety of applications in com- gle step. Using image derivatives has been exploited
puter vision and robotics such as calibration, visual in (Brodsky and Fermuller, 2002) to make camera in-
Servoing' etc. Many a|gorithms have been propOSed trlns.lc calibration. In our Study, We deal with the 3D
for estimating the 3D relative camera motions (dis- Motion of the camera as well as with the plane struc-
crete case) (Jonathan et al., 2002; Weng et al., 1993;ure. The paper is organized as follows. Section 2
Zucchelli et al., 2002) and the 3D velocity (differen- States the problem. Section 3 describes a two-step
tial case) (Brooks et al., 1997). The discrete case re-approach. Section 4 describes a one-step approach.
quires feature matching/tracking, and the differential Section 5 shows how image derivatives are computed.
case the computation of the optical flow field (2D ve- Experimental results on both synthetic and real image
locity). These tasks are generally ill-conditioned due Sequences are given in Section 6.

to significant local appearance changes and/or large

disparities. Most of the SFM algorithms are general in

the sense that they assume no prior knowledge about

the scene. In many practical cases, planar or quasi-2 BACKGROUND

planar structures occur frequently in real images. In
this paper, we introduce a novel paradigm to deal with
the SFM problem of planar scenes using image deriv-
atives only. This paradigm has the following advan-

Throughout this paper we represent the coordinates
of a point in the image plane by small lettdts, y)
and the object coordinates in the camera coordinate

“This work was supported in part by the Government frame by capital letter¢X. Y, Z). In our work we
of Spain under the CICYT project TRA2004-06702/AUT; Use the perspective camera model as our projection
both authors were supported by The Ramy Cajal Pro- model. Thus, the projection is governed by the fol-
gram. lowing equation were the coordinates are expressed
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in homogeneous form,

T f sf x ‘;,(
/\(y>=<0 vf yo) 7 1)
1 0 0 1 1

Here, f denotes the focal length in pixels,ands
the aspect ratio and the skew afd, yo) the prin-
cipal point. These are called the intrinsic parame-

ters. In this study, we assume that the camera is cal-

ibrated, i.e., the intrinsic parameters are known. For

The perspective camera observes a planar $cene
described in the camera coordinate systemZby=
AX+BY +C.

One can show that the equations of the motion field
as a function of the 3D velocityV, 2) are given by
these two equations:

a1 + ax x + as y + a7 x° + ag x1f4)
as + a5 + ag y + a7 vy + ag y(5)

u(z,y) =
v(z,y)

where the coefficients are depending on the SFM pa-

the sake of presentation simplicity, we assume thatthe .5 1 oters:

image coordinates have been corrected for the princi-
pal point and the aspect ratio. This means that the
camera equation can be written as in (1) wjtk= 1,
and(zg, yo) = (0,0). Also, we assume that the skew
is zero (s = 0). With these parameters the projection
simply becomes

X Y
»T:ff andy:fE ()

Planar scene

Camera frame

Figure 1: The goal is to compute the camera 3D velocity as
well as the plane structure from the image derivatives.

Let I(z,y,t) be the intensity at pixelz,y) in the
image plane at time. Let u(z,y) andv(x,y) de-
note components of the motion field in theandy
directions respectively. This motion field is caused
by the translational and rotational camera velocities
V,Q) = (V3,V,, V2,9Q,,9Q,,9.). Using the con-
straint that the gray-level intensity is locally invariant
to the viewing angle and distance we obtain the well-
known optical flow constraint equation:

Lu+T,v+1,=0 (3)

whereu = % andv = % denote the motion field.
The spatial derivatives, = 2% andl, = g—i (the im-

ar = *f(% + €y)
as = (%A—F %)
az = %B+QZ
v,
as = _f (ﬁy o Qx)
w = (FA-9) ©)
ag = (?‘”54' @
a7 = *T(ﬁzAJrQy)
asg = %(%B — Qx)

One can notice that the two solutio(g,, V,,, V., C)

and X (V,,V,,,V,,C) yield the same motion field.
This is consistent with the scale ambiguity that occurs
in the general SFM problem.

Our goal is to estimate the instantaneous camera
velocity (V, 2) as well as the plane orientation from
the image derivatives. The translational velocity can
be recovered up to a scale. It should be noticed that
for continuous videos the camera motion has to be
computed for all time instants during which the cam-
era is moving.

3 ATWO-STEP APPROACH

In this section, we propose a two-step approach. In
the first step, the 8 coefficients, . . ., ag) are recov-
ered by solving an over-constrained system derived
from (3) using robust statistics. In the second step,
the translational and rotational velocities as well as
the plane orientation are recovered from Eq.(6) using
some non-linear technique.

3.1 Robust Estimation Of The 8
Coefficients

age gradient components) can be computed by convo-e assume that the image contaiis pixels for
lution with derivatives of a 2D Gaussian kernel. They \yhich the spatio-temporal derivative§l,, I, I;)

can be computed from one single image - the current haye been computed. In practicg,is very large. In
image. The temporal derivativie = % can be com-
puted by convolution between the derivative of a 1D
Gaussian and the image sequence (see Section 5).

20ur work also addresses the case where the scene con-
tains a dominant planar structure.
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order to reduce this number, one can drop pixels hav-
ing small gradient components since they do not have
a heavy impact on the whole accuracy of the solution.
In the sequel, we do not distinguish between the two
cases. By inserting Egs.(4) and (5) into Eq.(3) we get

Ipan + Ipzvas + Ipyas + Iyag + Iy xas + Iy y ag
+(I2? + Iyzy) ar + (I wy + Iy y*) as = —I7)

By concatenating the above equation for all pixels,
we get an over-constrained linear system having the
following form:

(8)

vector

Ga=-¢e

where a  denotes the
(al’ 42,03, 04, 05,06, A7, CLS)T-

It is well known that the Maximum Likelihood so-
lution to the above linear system is given by:

column

a=G'e (9)

whereG' = (GT G)~' G” is the pseudo-inverse of

the N x 8 matrix G. This solution is known as the

Least Square solution (LS). The above solution is
only optimal in the case where the linear system is
corrupted by Gaussian noise with a fixed variance.
In practice, the system of linear equations may con-
tain outliers. In other words, there are some pixels
for which the residual of Eq.(3) is very large and can

affect the solution. These outliers can be caused by

local planar excursions and derivatives errors. There-
fore, our idea is to estimate the 8 coefficients using
robust statistics (Huber, 2003). We proceed as fol-

Random samplingRepeat the following three steps
K times

1. Draw a random subsample b different equa-
tions/pixels.

2. For this subsample, indexed bycompute the eight cor
efficients, i.e. the vectoa,, from the corresponding

equations using a linear system similar to (8).

w

. For this solutiona;, determine the median/; of the
squared residuals with respect to the whole setVof]
equations. Note that we haveé residuals correspond-
ing to the linear system (8).

Consensus step:

1. For each solutioax, k = 1,..., K, compute the numj
ber of inliers among the entire set of equations/pixels

below). Letn, be this number.

see

Choose the solution that has the highest number
of inliers. Let a; be this solution where;

argmaxg(ng),k=1,..., K

Refinea; using the system formed by its inliers, that
(9) is used without the outliers.

»

Figure 2: Recovering the eight coefficients using robust sta-
tistics.

median, then a robust estimation of the standard de-
viation of the residual is given by (Rousseeuw and
Leroy, 1987):

o = 1.4826 {1+5} VM
N-—p

(10)

lows. First, equations are explored using subsamples ©ONced is known, any pixelj can be considered as
of p linear equations (remember that each linear equa-2an inlier if its residual error satisfigs;| < 3 6.

tion in (8) is provided by a pixel). For the problem at
hand,p should be at least eight. Second, the solution

The number of subsamplesK A subsample is
“good” if it consists ofp good pixels. The number

is chosen according to the consensus measure basegf subsamples is chosen such that the probahitity

on residual errors. A Monte Carlo type technique
is used to drawk’ random subsamples pfdifferent
equations/pixels. Figure 2 illustrates the algorithm.

Detecting inliers The question now is: Given a sub-
samplek and its associated solutia, How do we
decide whether or not a pixel is an inlier? In tech-
niques dealing with geometrical features (points and
lines) (Fischler and Bolles, 1981), this can be easily

that at least one of th& subsamples is good is very
close to one (e.g.P. = 0.98). Assuming that the
whole set of equations may contain up to a fraction
of outliers, the probability that at least one of the
subsamples is good is given by

Po=1-[1-(1—-¢r)¥
Given a prior knowledge about the percentage of out-

achieved using the distance in the image plane be-lierse the correspondings” can be computed by:

tween the actual location of the feature and its mapped

location. If this distance is below a given threshold
then this feature is considered as an inlier; otherwise,
it is considered as an outlier.

_ log(1-P,)
Clog (1—(1—€))
For example, whep = 20, P. = 0.98, ande = 20%

In our case, however, there are no geometrical fea-We getk’ = 337 samples.

tures at all since only image derivatives are used.
Therefore, our idea is to compute a robust estimation
of standard deviation of the residual errors. In the ex-
ploration step, for each subsamplethe median of
residuals was computed. If we denote lythe least

3.2 The SFM Parameters

it
i.e.

Once the eight coefficients are recovered,
can be shown that the SFM parameters,
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Yo u ¥00,,9,,9.,4, and B, can be recov- 5 THE DERIVATIVES
ered by solving the non-linear equations (6). This

is carried out using the Levenberg-Marquardt tech- The spatial derivatives associated with the current im-
nique (Press et al., 1992). Non-linear algorithms need age are calculated by convolution with derivatives of
an initial solution. In order to get such initial solutions 2D Gaussian kernels. That i$, = I « G, and
one can adopt assumptions for which Eq.(6) becomes’, = I « G, where

linear. Then, the linear solution is refined using the

2 2
Levenberg-Marquardt technique. In practice, one can G, = -— 1 T exp (m Ty > (12)
use one of the following two assumptions for which 2moy 203
Eq.(6) becomes linear in the parameters: a 1 22 + 42 13
1. Assume that the translational velocity of the cam- v 270t v 202 (13)

era along its optical axis is very small compared

t0 its lateral velocity, that is,“j—f << 1 and/or The temporal derivatives associated with the current

image are calculated using difference approximation

% << 1. With this assumption, we can skt involving a temporal window centered on the current
to 0 in Eq.(6) which can be easily solved for the image. The weights of the images are taken from the
remaining parameters. derivatives of a 1D Gaussian kernel. That is,=

2. Assume that the camera motion is a pure transla-{ * G+ where

tion, then compute the translation velocity and the 1 2

plane orientation using the resulting linear system. G = —mt exp (—202> (14)
We point out that the discrepancy between the linear ! !
solution and the true one depends on the realism of
the made assumption.

The images can be smoothed before computing the
temporal derivatives using Gaussian kernels having
the same spatial scate. Figure 3 shows 11 weights
approximating&; whoseoy, is set to 2 frames. These
weights correspond to 11 subsequent images. The
4 A ONE-STEP APPROACH smoothness achieved by the spatial and the temporal
Gaussians is controlled by, andoy, respectively.
In this section, we propose a second approach that
directly estimates the SFM parameters in one single
step. To this end, Egs.(4), (5), and (6) are inserted into
Eq.(3). Theresultis a system wilti non-linear equa-
tions relating the unknowns to the image derivatives.
This can be solved using the Levenberg-Marquardt
technique. For each pixél Equation (3) gives a non-
linear constraint having the forrfy = 0. Thus, the
SFM parameters are obtained by minimizing the fol-
lowing cost function:

0
Images

N
; 2
mgn Z fi (11) Figure 3: The 11 weights approximating the derivatives of
=1 1D Gaussian whose; is set to 2 frames.

whereb = (%, % Y= 0, 0, 0., A, B)T.
The robust version of the one-step approach is ob-

tained from Eq. (11) by retaining only the inlier pix-

e (Y 6 EXPERIMENTS
minE (w 2wy = 1 ifthe pixeli is inlier
b i< - 'L 0 otherwise Experiments have been carried out on synthetic and
i real images.

The detection of inlier pixels is performed using the

paradigm described in Section 3.1. Synthetic imagesExperiments have been carried out
This approach provides a direct estimation of the on synthetic images featuring planar scenes. The tex-

unknowns from the image derivatives and is expected ture of the scene is described by:

to be more accurate than the two-step approach (see . .

experiments below). Indeed, in the two-step ap- 9(Xo, Yo) = sin(cn Xo) + sin(c, Yo)

proach, errors associated the estimated 8 coefficientswhere X, andY,, are the 3D coordinates expressed in

a will affect the estimation of the SFM parameters in the plane coordinates system, see Figure 4. The res-

the second step - solving Eq. (6). olution of the synthesized images is 26060 pixels.
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Translational velocity Rotational velocity

The constants;, andc, control the periodicity of the 60
sine waves along each direction (in our example, these_s,
constants are set to 1.5). The 3D plane was placed ag,,
100cm from the camera whose focal length is set to ¢, e
1000 pixels. In order to study the performance of the &
developed approaches, we have proposed the follow-2

ing framework.

@
=]

o
=]
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S

— LS solution
Robust solution

Average error (Deg.)
n w
o o

[
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2 4 6 8 10 2 4 6 8 10
Noise percentaae (standard deviation) Noise percentaae (standard deviation)
Plane orientation

— LS solution
Robust solution

Average error (Deg.)
i
o

0 2 4 6 8 gF 10
Figure 4: A computer generated image of a 3D plane. The Noise nercentane (standardiSgyiztion)

plane is rotated about 40 degrees about the fronto-parallel

plane Figure 5: Average errors associated with the SFM parame-

ters when the system is corrupted by both a Gaussian noise
and 15% of outliers.
A synthesized image sequence of the planar scene
is generated according to a nominal camera veloc-
ity (Vn,Q,). A reference image is then fixed for
which the image derivatives are computed and for
which we like to compute the SFM parameters. Since _ 1WO-Step approach versus one-step approach

synthetic data are used ground-truth values for the Figure 6(a) shows the average errors associated with
image derivatives and for the SFM parameters are the translational and rotational velocities as a function

known. The nominal 3D velocityV,, Q2,) is set of a pure Gaussian noise. The s_olid curve corresponds
to (10cm/s, 10,1,0.1rad/s,0.1,0.1)T. The corre- to the two-step approach (Section 3) and the dashed
sponding linear system (8) is then gradually corrupted CUrve corresponds to the one-step approach (Section
by a Gaussian noise having an increasing variance.): Figure 6b) shows the same comparison when
Our approach is then used to solve the SFM problem both Gaussian noise and outliers are added. As can
using the corrupted linear system. The discrepanciesP® Seen, the second approach seems to be more ac-
between the estimated parameters and their grounocurate than th_e first one. This behavior holds for the
truth are then evaluated. In our case, the SFM pa- Plane orientation.
rameters are given by three vectors (see Figure 1): the
scaled translational velocity, (ii) the rotational veloc- Real images The first experiment was conducted
ity, and (iii) the plane normal in the camera coordinate on a video sequence captured by a moving cam-
system. Thus, the accuracy of estimated parametersera, see Figure 7. This video was retrieved from
can be summarized by the angle between the directionf t p: / / csd. uwo. ca/ pub/ vi si on. We have
of the estimated vector and its ground truth direction. used 11 subsequent images to compute the SFM
The goal is to quantify the accuracy of the two-step parameters associated with the central image (frame
approach (Section 3). To this end, the simulated lin- 6). The results are summarized in Table 1. The first
ear system was corrupted by a pure Gaussian noise asow corresponds to the LS solution (the two-step
well as by al5% of outliers. The standard deviation approach), the second row to the robust solution
of the Gaussian noise is gradually increased as a per{the two-step approach), and the third row to the
centage of the mean of the spatio-temporal derivativesone-step approach. As can be seen, the motion is
(ground truth values). The outliers are uniformly se- essentially a lateral motion. Note the consistency of
lected in the image. Figure 5 illustrates the obtained the results obtained by the three methods. The second
average errors associated with the SFM parameters agxperiment was conducted on the sequence depicted
a function of the Gaussian noise (using the two-step in Figure 8(a). The sequence was retrieved from
approach). The solid curve corresponds to the Leastht t p: / / ww. cee. hw. ac. uk/ "nt ¢/ sof a.
Square solution (no robust statistics), and the dotted The obtained results are summarized in Table 2. As
curve to the robust solution. In this figure, each aver- can be seen, the camera velocity is a rotation about
age error was computed with 50 random realizations. the optical axis combined with a translation about
As can be seen, unlike the LS solution the second so-the same axis. Figure(®) shows the map of outlier
lution is much more accurate. pixels.
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Translational velocity

—— Two-step method
---- One-step method

Translational velocity

—— Two-step method
---- One-step method
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Average error (Deg.)

(b)
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0 2 4 6 8 10
Noise percentacae (standard deviation)
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Figure 8: The second experiment) The current image
for which the SFM parameters are computed. The temporal
derivatives are computed using 7 subsequent ima@eks.
The map of outlier pixels.

Rotational velocity

—— Two-step method
10 ---- One-step method

Rotational velocity

—— Two-step method
10 ---- One-step method

Average error (Deg.)

Table 2: Results of the second experiment.

) i Translation Rotation A B
% 2 4 6 8 10 E I 4 6 8 10 LS sol. (.00,13,.99) (.11,.0,-99) | .34 | -1.
Noise percentace (standard deviation) Noise percentaae (standard deviation)
@) (b) Robust sol. | (-.01,.08,.99)| (.07,.0,-.99) | .46 | -.89
Onestep | (.14,.08,98) | (.07,-.12,-98)| 55 | -.15

Figure 6: Two-step approach (solid curve) versus the one-
step approach (dashed curvefa) Gaussian noise.(b)

Gaussian noise and outliers. faces. The developed strategies do not rely on pixel

velocities. However, these velocities are a byproduct
of them. Future work would be the simultaneous SFM
estimation and camera self-calibration.
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