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The transformation of an Euler-Lagrange system into a state affine system in order to solve some interesting
problem as the design of observer, the output tracking control, is considered in this paper. A necessary and a
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Abstract:

sufficient condition is given as well as a method to compute this transformation.
1 INTRODUCTION

Euler- Lagrange systems withgeneralized configu-
ration coordinateg = (q1, ..., ¢, ) " are described by
equations of the form

q fm
M(q)v + C(g, v)v+V(q)
where M(q) denotes the inertia matrix, while
C(q, v)v, withv = ¢ = (41,...,4,)" the gener-
alized velocities, denotes the centrifugal and Corio-

lis forces, V' (¢) consists of the gravity terms and
is the vector of input torques. This celebrated fam-

v,

@)

T
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1993). For more explanations on the obstacles which
are due to the presence of terms nonaffine with respect
to the unmeasured variables, see the introduction of
(F. Mazenc and J.C. Vivalda, 2002).

Most recently, in (Besancon, G. 2000) an elegant
alternative for one-degree-of -freedom systems was
reported. The author presented a reduced order ob-
server converging exponentially . This observer is
based upon a global nonlinear change of coordinates
which makes the system affine in the unmeasured part
of the state. This is crucial to define a very simple
controller to solve the problem of tracking trajectory.
So a very natural question arises: which conditions
ensure that an Euler -Lagrange systems (1) can be

||y of Systems has been the Subject of an important _tranSfOfmed, with the help Of a Change of Coordinates,
literature over half a century, because the equationsinto some structure affine in the unmeasured part of

of many physical devices belong to this family: (M.

the state.

Spong and Vidyasagar, 1989). When these systems This question has been addressed in (Besancon, G.

are fully-actuated, they are globally feedback lineariz-

2000) and (Loria, A and Pantely, E, 1999). However

able. But feedback linearization can be performed the questions of existence and computation of the re-

only when all the variables are measured. Unfortu-
nately in practice, very often the variables of veloc-

quired solution were not answered. In the present
paper, we address these question: we show that this

ity cannot be measured. Therefore, the global output problem can be brought back to the resolution of a set

feedback stabilization of these systems wijth ¢ as
output is challenging from a practical point of view.
But, from a theoretical point of view, it is one of the
most difficult problems in the field of nonlinear con-
trol: Indeed, the matrixC (g, v)v is a nonaffine func-
tion of the unmeasured part of the statethis fact
precludes from applying most of the classical tech-

nigues. For instance, the methods of (L. Praly and

of partial differential equation for which an explicit
solution is given.

The paper is organized as follows. The main result
is stated and proved in Section 3. Section 4 is devoted
to example. Section 5 contains concluding remarks.

Preliminary
Euler-lagrange systems are such that:

Z.P. Jiang, 1993), (J.P. Gauthier and I. Kupka, 1994) e The matrixM (q) is symmetric positive definite for

and (J-B. Pomet, R. M. Hirschorn, W. A. Cebuhar,

Mabrouk M. and C. Vivalda J. (2005).
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all q.
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The equalityM (q) = C (¢, v) + C(g, v). holds.
Also, throughout the paper,

M., (R) denotes the set of-square real matrices.
GL,,(R) denotes the set af-square real invertible

Consider the following inertia matrix/ (q)

M(q)

Using the Christoffel symbols of the first kind (M.

matrices. Spong and Vidyasagar, 1989), mat€ixis given by
e For S € M,(R) symmetric positive definitesz Clg ) = g (—v2 —u
denotes thequare rootof S. GY =5 v 0

and an easy calculation shows that the matrix

e 12 0
=11
T(q) (2 e 1)

satisfies equation (3), but not (2). In fact, equation (2)
does not admit any solution (as we will see later).

2 PROBLEM STATEMENT ()
We consider the family of Euler-Lagrange systems
described by the equations (1) where the output is
q (@1 ... ¢.)7 € R”, and the input isr =
(11 .. )T € R".TThe unmeasured part of the state
isv = (q1 . dn)

As it is pointed in the introduction the difficulty 3 MAIN RESULT
to stabilize or to construct observers for system (1)
mainly stems from the fact that Coriolis and centrifu- In this section we present the main contribution of the
gal forces vector in (1), has a quadratic growth in the paper, namely the solution of problem (2) or (3). We
generalized velocities, which are not measured. The begin with the study of the equation (2). We provide
global change of coordinates introduced in (Besan- necessary and sufficient conditions for the existence

con, G. 2000) for one-degree-of freedom (ie= 1)

systems overcomes this problem by rewriting the dy-
namics with functions which are linear in the unmea-
sured velocities. As it is discussed in (Besancon, G.

of a change of coordinates as well as method to com-
pute this solution (Corollary 3.3).

Theorem 3.1. Consider the nonlinear system (1).

2000), the design procedure might be extended to theEquation (2) admits a solution if and only if

case of systems with more degrees of freedom, as
soon as the same kind of change of coordinates can

be found, that is to say if we can select an invertible
matrix T'(g) such that

dT(q)
pn @)

Condition (2) is necessary but not sufficient. A nec-
essary and sufficient condition is the existence of a
nonsingular matrix" such that

dT(q)
dt

Remak 2.1. Since matrix)M (q) is positive definite,
there exists an uniformly bounded matrk(q) such
that M(q) = AT(q)A(q). It can be easily checked
that in the case one degree of freedalr{g) is a so-
lution of (3) and (2). But in the general case, this
decomposition o/ (¢) does not provide a solution of
(3) or (2).

Looking for some more general factorization of
M(q), as investigated in (Loria, A and Pantely, E,
1999) for robot manipulators, may lead to solutions.

T(q)M " (q)C(q,v)

v ="T(q)M~(q)C(g, v)v ®)

Remak 2.2. One can remark that if (2) admits a solu-
tion, then (3) admits also (the same) solution. But the
converse is false as shown in the following example.
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oc;  0C;

=t 5

dq;  0q; )
forall 1 <i,j < n. Where the matrice€’; are such
as

=C/M7'C; -l MTC,

=N
Ci(q)vi
=1
To establish Theorem 3.1, we need to prove the fol-
lowing preliminary lemma, and its corollary.

Clg, v) (6)

Lemma3.2. (Isidori, 1989) Letrq, ..., x,, denote co-
ordinates of a pointz in R™ and y, ..., y, coordi-
nates of a poiny in R”. LetM!, ..., M™ be smooth
functions

M':R™ — R™" @)
such that
i k
oM _ oM + MM* — MFME 0. (8)
Consider the set of partial differential equations
%li(z) = M'z)y(z),1<i<m. (9)
2

Given a point(z°,y%) € R™ x R™, there exist a
neighborhood” of z° and a unique smooth function
y(z) which satisfieg9) and is such thay(2°) = ¢°
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Corollary 3.3. Let Mi(q),...,M,(q) be smooth
functions
Consider the set of partial differential equations

oT
9q;
Given any matrixI'y € GL,,(R),qy € R", there
exists a unique smooth matrik(q) which satisfies

(10) and is such thal'(go) = Ty if and only if the
functionsiM; (q), . . ., M, (q) satisfy the conditions

(q) = T(q)Mi(q), Vi=1,...n. (10)

oM, M,
dq; dq;

Vi< j<m; M;M; — M;M; = . (11)

Proof. Necessity:

The necessity follows from the assumption that a

solutionT(¢) exists. Then from the property

2 2
o°r  o°T (12)
9q;0q; 9q;0q;
one has
—_ = 13
Jq; 0q; (13)
Expanding the derivatives on both sides we obtain
OM, oM,
T (M;M; + —L) = T (M;M; + =
(14)

which, due to the fact thdl'(¢) is invertible, yields
the condition (11).
Sufficiency:

e Using Lemma 3.2.
Let Ty € GL,,(R) and noteT, ! = (TY,....,T'3),
I} being the columns of; .
Conditions (11) ensure the existence of a family of
functionsI'* such that for alk we have

Fk
oy —M;T*, I'*(g) =Tk  (15)
9q;
The matrixI" = (T', ..., ") satisfies
or
= —MT, I'(qo) =Tt 16
9z (90) 0 (16)

Sincel'(¢o) = Ty ! which is non singular, we con-
clude that there exists neighborhobdof ¢, such
thatI' is non singular and as a solution of (10), we
take the matrix'(q) = I'~1(q).

The previous proof gives a condition of existence,
but not a method allowing construction of the so-
lution. However, the control implementation needs
the knowledge of a matriX'(q).

In the sequel we will give another proof of the
corollary 3.3, based on a reasoning by induction
which provides an explicit solution of (2). More-
over this solution is defined on the whole domain
of definition of the matriced/;.

e By induction.
By induction onn we show that if (11) holds, then we
have the following propert(n).

P(n): n > 1, there exists an invertible matriR(q)
such that equations (10) holds.

1. Forn = 1: Equation (10) becomes

OT(q1)
oq B
which admits solutions for all matrixi/;
M, (R).
2. Forn =2 :Let M1 (q1,q2), M2(q1, q2) € M,,.(R)

Denote by®,,(q1) the solution of the non au-
tonomous differential equation

d®,,

— \q1

g )
Now, let us construct a particular solutidiq) of

the system (10) in the forfi(¢) = ¥(g2) P, (q1).
SinceT(q) is a solution of (10), one can prove that

T'(q1) = T(q1)M(q1)

(17)

S

b, My (18)

oT d¥(g2) 0,
— = b, + U —2 (19
8q2 dq2 q2 (q2) 8(]2 ( )
It follows that
d\I}(QQ) -1 o® -1
i = U(q2)(Py, M2®,, — aqzz ®.0)
Let
o0
—1 —1
K(Q) = (I)szQq)qz - aqzz (I)q2 (20)
L K
Then¥(g,) exists if we haveaaﬁ = 0.
q1
Now
0K (q) _ oMy _ _
e Dy, My Mr® b + D, o0 P!
o, 0P,
AL
00,
M, P
* 0q2 e
M.
= &y, (M M; + 8(] 2 _ MyM,
1
M-
_a 1)(1);21
q2

0
(21)
SoP(2) is true.
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3. Assume thaP(n) is true, where1. where matrice€; are such tha; + C;” = oM
Now using the induction hypothesis, we must prove ’ § qi
thatP(n + 1) is true ? Therefore one can deduce easily tiiadatisfies
Let My,..., M, 1 € M,,(R) such that T )
= TMC;. (26)
M;M; — M;M; = OM; oM (22) %ai
9gi 9g; According to Corollary 3.3, we deduce that a solu-
The induction hypothesis implies that there exists ton of (2) exists if and only ifaT — TM; Vi = 1
aninvertible matrixy, ., (¢1, 92, - - -, ¢n) Such that qi ’
Ty _ ,...nwhereM; = M~1C;.
Ti =T, M, Vi=1,...,n. Now,
Let us show that there are solutions of the farms- OM. OM,
U1 (gns1)Ty, . .- I = MY C+CHMc
1\dn+1)1q, 8(]' aq. K J
Observe that ! J
aT JT, oC; oC;
= Uy(g, 2 dndt JY s B V S St
£ 1(@n+1) 9q; + a aqj
= Ui(gnt1)Tq, M1 = TMy, +M~YCj+ CYMC;
and M;M; — M; M
oT Al Tq, rF % ks
= TQn+1 + U—
a%v,—i—l dQn+1 aQ71,+1 _1 8CJ oC;
+M~( 90, o0,
= TM7L+1 = \Ileqn+1 Mn+1 ’ !
So we get —C/MTIC;+C] MTIC).
av, (T M 0T, ., A0 It follows that a necessary and sufficient condition
dgnir (T M1 — On1 ) Tara for the existence oT'(¢) such that (2) is given by:
o (23) ac;  ac,
Ty(q2) exists if the term (Ty. ., Mni1 — 2 - 87] C/M™Ci—CfMTCy .
0Tq, . I 4di di
Ipt1 JTq..p, 18 independent ofy, gz, .., n- Which allows as to conclude. O
Easy calculations show that foe= 1,2, ..., n; we ) ) )
have The preceding theorem gives an algebraic char-
oT acterization of a family of Euler-Lagrange systems
8[T,, . MpT} — Zdntip—1 | which can be transformed, with the help of a change
i g @ L 0 of coordinates into some structure, affine in the un-
dq; - measured part of the state= q.
(24) The following gives another characterization of
This concludes the proof. such a solution of the differential equation (2),
O Theorem 3.4. Consider an Euler-Lagrange system

Proof of Theorem 3.1 (). The following conditions are equivalent .
Returning to the problem of the existence of the 1. There exists a matriX(q) such that ( 2) holds.

solution of (2), note that we have 2. There exists a matrixV(q) such thatM(q) =
/ i=n or NT(g)N(q) and N ()N (q) = C(g;v).

T = Z — ;. 3. There exists a functioB(q) : R — R™ and N (q)

= 04 nonsingular such thab/(q) = N '(q)N(q) and

Moreover the matrixC(q, v) is linear with respect Jacobian(®) = N(q).

to v; (M. Spong and Vidyasagar, 1989). This yields

Proof. Due to the space limitation we only give the
for all ¢

proof of the two first properties.
Suppose that (2) admits a solution.

- (@) . dM _
Clgv) Zl Cilg)vi (25) Calculatmgdd—t, whereM =TT 'MT1.
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We have
@ — _TT—l(O/M—lTT)TT—lMTT—l
dt
—TT-1MT-Y(TM~1C)T~!
dM
TT_liT_l
* dt
dM
= -TT"Y(CT+C——)T"!
_ 0 dt

(27)
. dM
sinceCT +C = —
So,M =TT 'MT! =
ric positive definite matrix .

Let N = ST, then we obtain

= 5, whereS is a symmet-

M(q) = N'(q)N(q) (28)
and
N(q)%N(q) = C(q,v). (29)

For sufficiency assume that there exi8igg) such

that M(q) = NT(q)N(q) and NT(¢)N(q) =
C(gq,v)
Sowe getN ' (g )@(q) = Ci(q).

0q;

Remak 3.6. One can remark that when = 1, a
solution always exists (See (Besancon, G. 2000)).

In the case of higher order system, the probl@n
can admit no solution. Indeed, taking again the ex-
ample of the Remark 2.2, a solution exists if and only
if e~92 = 0 which is impossible.

But if we take
0 0 —le—2
R1:<%e—(12 O>7R2:< 20 0
(32)

one can check easily that conditiof8)) and (31) are
satisfied. S¢3) admits a solution.

Observe also that there is no functi@(g) such
that Jacobian(©) = T(q).

4 EXAMPLE

As an example, consider the inverted pendulum. The
dynamics obtained by Euler-Lagrange formulation
are:

(M +m)i +mlfcosd —mif*sind = 7,
mli cos 0 + mi?6 — mlgsingd = 0,
where(M, x) are mass and position of the cart which
is moving horizontally,(m, [; 6) are mass, length
and angular derivation from the upward vertical po-

One can check easily that conditions (31) are satis- sjtion for the pendulum which is pivoting around a

fied, which concludes the proof. O

. ! t
Now, we present our final result on reduction of

Euler-Lagrange systems.

Let us consider the problem of findifigsuch that
(3) is satisfied.

Observe first that the matrid/—'C(q, v)v is
guadratic inv with coefficients depending only an
i.e there exist®R; such that

M~ (g)C (30)

(g,v)v = Z v; R;v
i=1

then one can easily show the following

Theorem 3.5. Consider an Euler-Lagrange system
(1). A necessary and sufficient condition @) to
admit a solution is that there exi#; such that
OR; OR;
dqi  0q;

Vi<j<n; RjR;—R;R; = (31)

Proof. The proof follows from similar reasoning as
in Theorem 3.1 and Corollary 3.3 gives an explicit
solution of the problem. O

point fixed on the cart. \We denote the state vec-
or (0 x 6 2)" as(q1 g2 v1 v2)'. The output is

y = (Qh(h_) o
The inertia matrix is:

o) = (
with a; = M + m, as = ml andas = mi>.
Using Christoffel symbols, we obtain

C1 =(0)

o (8 o))

One can check easily that condition (11) are verified
so according to Theorem 3.1, equation (2) admits a
solution.

Let us conside®, (¢1) =

ay

a2 COS g2

Qag COS g2
as

0

1 as a solution
0 1

of the differential equation

ddg, B
dq1 (ql) (quMl —O (33)
Let
v 14
ve) - (gne) S e
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the solution of the differential equation

d\Ij(QQ) aq)l]z q)—l)
dgz o

= U(g2)(Dg, M2} —

U(g) M1y

(39)

Using Mathematica 4.1, one can check easily that
a solution of Equation (35) with initial condition

xp(())—fg—((l) (1)>is

1 a23(0) cos(g2)—a28(qz2)
‘I’(fh)_( 5y ) (36)

B(g2)
0 B(0)

wheref(qz) = \/ajaz — a3 cos(qz)2.

Thanks to the Corollary 3.3, a solutioh(g;) of
Equation (2) withT'(0) = Ty = Lo, is

T(q2) = V(g2)Pg,(q1)
1 a2(0) cos(q2)—a23(q2)
= Bl
q2
0 5(0)

(37)

Therefore, the following change of coordinates

7 * a28(0) cos(s) — azf(s)
O = o +/o a1A(0) _
[ B(s) _ :
0, = 30 ds, p =T(q)q,

transforms the dynamics of the Cart-Pendulum into a

double integrator
p = T(@QM (g7 =u (39)
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